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Over the past several decades, there has been a considerable effort to model the

processes occurring during the combustion of composite solid propellants. Accurate

models able to predict the burning rate characteristics of solid propellants would be very

valuable, as they would facilitate the design of solid rocket fuels by reducing the need for

laboratory testing of different solid mixtures until a mixture with the right ballistic

properties is found. Using a reliable analytical model, a propellant designer could, in

theory, simply input key properties of a possible propellant formulation into the model, and

the model would provide an accurate prediction of what the burning rate characteristics for

that mixture would be.

Earlier attempts at modeling the steady-state burning of composite solid propellants

are reviewed, with an emphasis placed on the Beckstead, Derr, and Price (BDP) and Petite

Ensemble Mod,1 (PEM). The Continuous Oxidizer Regression (COR) model is then

described, which is a modification to the PEM model. The COR model's predictions for

burning rate and pressure exponent are then compared to those of an actual solid composite

propellant. The model predicts the general trends found in actual experimental data, but the

model's output is found to be highly sensitive to the assumptions regarding surface

geometry and flame formation, which are as yet not clearly known.
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CHAPTER 1 - INTRODUCTION

Over the past several decades, there has been a considerable effort to model the

processes occurring during the combustion of composite solid propellants. Accurate

models able to predict the burning rate characteristics of solid propellants would be very

valuable, as they would facilitate the design of solid rocket fuels by reducing the need for

laboratory testing of different solid mixtures until a mixture with the right ballistic

properties is found. Using a reliable analytical model, a propellant designer could, in

theory, simply input key properties of a possible propellant formulation into the model, and

the model would provide an accurate prediction of what the burning rate chartacteristics for

that mixture would be.

The physical processes involved in the combustion of solid propellants are

complex, and there has been an evolutionary effort to develop models that can accurately

predict their burning rate characteristics. Some of these models developed over the past 30

years are reviewed in Chapter 2, with an emphasis placed on the multiple flame-based

Beckstead, Derr, and Price (BDP) model 4 and the Petite Ensemble Model (PEM) 2,6,7, the

two models used as a basis for the formulation of the model which is the subject of this

thesis.

Most earlier steady state composite solid propellant models have attempted to model

the burning rate behavior of propellants by assuming that the propellant surface possesses

"average" properties which might be observed over a long period of time. The model

which is introduced herein, the Continuous Oxidizer Regression (COR) model, is an

attempt to replace some of the time-averaged assumptions of earlier models, most notably

the BDP model and PEM, by assuming that the propellant has a continously regressing

surface, and model the burning rate of the propellant at discrete intervals during the surface

regression. Chapter 3 explains in detail the assumptions made in the COR model.

" 'A " , "V
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Chapter 4 contains a comparison of the theoretical predictions of the COR model

with actual experimental results. Also included within this chapter is a sample of the

computer-based graphical output possible with the COR model. This graphical output

depicts the flame and propellant surface structures at various points in the regression of the

propellant surface. Such graphical output should be helpful in developing a better

understanding of the physical processes governing the burning of the propellant at different

points in the surface regression. Chapter 5 contains a brief discussion of conclusions

which can be drawn from this effort. Appendices A through C contain most of the finer

details of the analysis which was undertaken in the development of the COR model.

.1
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CHAPTER 2 - LITERATURE REVIEW ,

I

Over the past three decades, there has been a considerable effort to theoretically

model the combustion processes of composite solid propellants. The ability to accurately I
predict both qualitative and quantitative trends of solid fuel performance from theoretical

models would be highly beneficial for rocket designers. Such models would allow a ,

designer to tailor propellant to specific design requirements, reducing the lengthy and ,

costly process of testing various fuels and mixtures until the right properties are found.

A composite solid propellant consists of oxidizer particles, commonly ammonium

perchlorate (AP) crystals, with additional solid additives such as aluminum powder.

burning rate modifiers, catalysts and acoustic suppressants, all well-mixed within a

hydrocarbon fuel binder. In its simplest form, a solid propellant consists of a dispersion of

oxidizer particles in a matrix of fuel binder. Even in this simplest form, the combustion ot

the propellant involves a multitude of subprocesses, such as fuel and oxidizer pyrol\ !

melting or sublimation at the propellant surface, possible surface or subsurface interaction

of the oxidizer and fuel, the formation of multiple flames, and heat transfer back to Ilie

surface. The modeler must determine which of these processes are the key processe,, thai

control propellant burning behavior, and include them within the development of anl

analytical combustion model.

The modeling process is also complicated by the fact that in general there %ill be a

multitude of oxidizer particles of different sizes distributed throughout the fuel matr\

Particle sizes are distributed about some mean size. and there may be several oxidizcr

modes, each having a different distribution of diameters about a given mean diameter lhi,

distribution of oxidizer particle sizes is desirable because it aids in the mixing of the

oxidizer and fuel during propellant formulation. However. the existence of a varietv of

particle sizes complicates modeling as each particle will burn with the available fuel i n1

different manner.

no..-



Furthermore, at any given instant on the burning propellant surface, the oxidizer

particles will be at different stages of consumption. Some particles will be just beginning

to burn, some will be partially consumed, and some will be almost completely consumed.

An individual oxidizer particle's burning rate will vary, based upon the stage of its

consumption. Therefore, a comprehensive composite solid combustion model must take

this time dependent variation of burning rate of the indivual oxidizer particles into account

as well.

Another complication comes about because normally, as already mentioned, there are

additives in the fuel which can either enhance or suppress burning. Also, an actual

propellant does not burn in a simplified test bomb but in a real rocket motor environment,

wherein hot combustion gases flowing over the fuel surface can enhance its burning rate.

Acoustical velocity and pressure variations set up in a rocket motor can also affect the

propellant's burning characteristics. All of these effects need to be included in a

comprehensive solid propellant combustion model.

Below, models representative of the evolution over the past decades especiall,

formulated for composite solid propellants are reviewed. In the following chapter, a ,-v,

approach at modeling the combustion of composite solid propellants derived from the~e

earlier efforts will be detailed.

2.1. Granular Diffusion Flame (GDF) Model.

The first attempt at developing a theoretical model of the complex processes involved

in composite propellant combustion was undertaken in the late 1950's by Summerfield and

coworkers. The resulting model has been referred to as the Granular Diffusion Flame

(GDF) model. 1,2 This model assumes that a thin flame zone lies very near the surface (on

the order of 500 gm) as shown in Fig. 1. The burning surface is assumed to be dry. a,,

the fuel and oxidizer gases are liberated either by sublimation or pyrolysis. The net heat

release at the surface can be either exothermic or endothermic. Due to the heterogeneou,
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nature of the fuel/oxidizer mixture, the fuel emerges from the surface in distinct pockets of

a certain mass content. These pockets then diffuse into and burn with the surrounding

oxidizing medium, forming the diffusion flame zone shown in Fig. 1. The mass of these

pockets is assumed to be independent of pressure, but related to the size of the oxidizer

crystal. Heat transfer from the flame zone back to the surface heats up the surface resulting

in the sustained gasification of the oxidizer and fuel. The diffusion process is assumed not

to be turbulent, and the sole mode of heat transfer is one-dimensional conduction.

Granular Diffusion
Solid Phase Flame Hot Product Gases
(No(No More Heat Release

Figure 1. Summerfield's Flame Model

The burning rate or linear regression of the surface is assumed to follow an Arrhenius i
expression

r = Ase )( 1
where r is the linear burning rate, As is a pre-exponential frequency factor, Es is the

activation energy, R is the universal gas constant, and Ts is the surface temperature. A key

component in determining the burning rate of the surface is the determination of T s, which

in turn depends on the heat transfer to the surface from the diffusion flame, QFs, given by I
p ., U ~~* ~~ .,,, ~? '%
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QFS "gF L S (2)

In Eq. (2), Xg is the average thermal conductivity of the reactant gases, TF is the

temperature of the hot gases after the diffusion flame, and L is the distance from the surface

to the thin diffusion flame. In order to obtain an accurate value for the burning rate, the

heat transfer must be calculated, which in turn requires a numerical value for L, the flame

height.

In determining the value of L, two extreme cases need be considered. First, at very

low pressures, the rate of molecular diffusion is much faster than the rate of the chemical

reaction between the oxidizer and the fuel. For this case the rate of burning in the gas

phase will be controlled entirely by the speed of the chemical reaction. Second, for the case

of very high pressure, the speed of the chemical reaction between the oxidizer and the fuel

will be much faster than the rate of diffusion. In this case, the burning rate in the gas phase

is controlled entirely by the rate of diffusion. For the low pressure kinetically limited case,

Summerfield found the reaction length L to be inversely proportional to pressure causing

the rate to be proportional to pressure. For the high pressure diffusion limited case.

Summerfield found the reaction length L to be inversely proportional to pressure raised to

the one-third power, thus causing r to be proportional to pressure raised to the same power.

For the case of intermediate pressures, Summerfield assumed that the flame thickness

varies partly as if it were kinetically controlled and partly as if it were diffusional

controlled, resulting in the following expression for the linear burning rate r

1 a b
r-= -- 3(3r pmp/
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In Eq. 3, a and b are constants which must be determined empirically. The parameter a

accounts for the chemical kinetics effects, while the parameter b accounts for the diffusional

effects, including for the first time an oxidizer particle size dependency on burning rate.

Summerfield tested this empirical correlation by first rearranging Eq. (3) to the

following form

P = a + bp 2/ 3  
(4)

r

If the simplistic physics within the GDF model are appropriate, then experimental plots of

(p/r) versus p2 /3 should result in a straight line, with the slope of the line yielding b and the

the (p/r) axis intercept yielding a. Summerfield performed experiments on the burning of a

series of AP/styrene polyester resin propellants. Experimental results showed Eq. 4 to be

valid over a wide pressure range for propellants of different oxidizer grinds and percent

oxidizer content. Bimodal propellants were also tested, and again excellent agreement was

found. Additional tests were performed using a copper chromite catalyst, and again

excellent correlation was found with the form of Eq. (4).

The GDF model is still considered a valid theory for the combustion of composite

propellants, and is still recommended for use in preliminary tailoring 2. A disadvantage of

the GDF model is that it is not entirely theoretical, since the parameters a and b must be

determined empirically. Also, several experimentally observed effects are not well

predicted or accounted for with this model, including the effect of the fuel binder type on

the burning rate, the very weak effect of the oxidizer particle size on the burning rate at high

pressure, the variation of the burning rate pressure exponent n (in the well-known

St. Roberts expression r = cp n) with ambient pressure level, especially in the region of

4000 psia, the value of the mean surface temperature of the burning propellant, and the

evidence for a substantial energy release at, or very near, the propellant surface.

%" ,,"..



2.2. Hermance's Model.

Hermance 3 attempted to improve upon the GDF model, noting the shortcomings

listed above. The physical-chemical surface processes incorporated in Hermance's model

are the endothermic fuel binder pyrolysis, exothermic oxidizer decomposition, exothermic I
heterogeneous chemical reaction between the fuel binder and decomposed oxidizer in small

regions surrounding the oxidizer particles, and the gas-phase combustion of oxidizer

decomposition products with themselves, and combustion of the fuel with the secondary I
oxidizer decomposition products. Unlike the GDF model, all processes depend on either,

or both, the the ambient pressure and the temperature at the point where the process in

question is occurring.

Hermance assumed that the total linear burning rate at the propellant surface could be

expressed as the following function of the mass fluxes from the fuel surface, the oxidizer

surface, and the surface of the fuel/oxidizer reaction,

S S s1 [m ( Sf )  .Sox.mr _)

r= -~-{~mf(-SX-') +m S T T j (5)
PT T sr

where PTiS the total density of the propellant and ST is the total surface burning area. The

surface areas of the fuel, oxidizer, and fuel/oxidizer interaction areas are given by S f, Sox

and Ssr respectively, while mf, mox and msr are the mass fluxes of the fuel, oxidizer and

fuel/oxidizer surface reaction, respectively. The surface area ratios for the fuel and oxidizer

were simply determined to be (1 - -ox) and x, respectively, where ox is the volume

fraction of the oxidizer. The surface area where the oxidizer/fuel surface reaction occurs is

shown in Fig. 2. In this figure, the oxidizer crystal on the burning surface is shown to

have decreased in dimension from its original size. This dimension change results in the

%..V-



production of a fissure of depth E between the crystal and the fuel binder. The mean planar

fuel surface shown has been assumed to intersect the oxidizer with an expected diameter of

D D (6)
€ox

where Dox is original diameter of the oxidizer particle.

-.J.

4  O Original Size
of Crystal

Oxidizer~Crystal

Surface Interaction
Area

Figure 2. Fuel/Oxidizer Geometry of Hermance's Model

Assuming a bimodal propellant, the two distributions having AD, and AD- discrete

particle diameters, such that the mass fraction of oxidizer is given by aI and a., Hermance

determined that the oxidizer/fuel reaction area ratio could be given by

S AE "+ I+ AD,+ 
(- )4;) (-L ), 7

ST AD +1 D . AD 2 + I)2 ',7.

where iEi is the fissure depth shown in Fig. 2. The ratio (c,/D,) can be shown to be equal to

j l # q " I P ' " P d • " + " +" " . ," + " - o . .. . . . . . . . . . . . . . . .... .... . . . ,+ -- "



WVVu6 Ir. -. .-' .'7 - -;.-wU-wk. Wyv . -. j w-.w wc(W.w Yr.. w- w. u-- vWV. v

= Vp (L) - ( 1 ) (8)D.
DI

where V, 6, C, K, m and n are experimentally determined constants

The mass burning rate of the fuel is assumed to follow an Arrhenius burning law

similar to that given in Eq. (2), while the oxidizer burning rate is related to the fuel burning

rate by forcing the overall fuel/oxidizer mass ratio of the propellant to be preserved,

resulting in

m Ox (.. .) m T  (9)

where ox is the total oxidizer mass ratio (a, + a 2 ). Determining msr requires more

complex calculations and involves consideration of the partial pressure of AP gas above the

burning surface. When the expressions for mox, mf. and msr are substituted into Eq. (5),

along wkith the expressions for the surface area ratio, the following expression results for

the determination of the surface burning rate

c d [-(E0 + Er1'"8 bl 0 -I f1 (-) ( -
r = aIexp( +b 1 p (0  r m (10)

e p ex

In Eq. (9), a ,, b , and cl are analytically determined constants, d is K times the

oxidizer/fuel reaction surface area given in Eq. (7), and Ef, Esr and E are the activation

energies for the fuel binder pyrolysis, surface reaction, and gas phase reaction,

re,;pectively Ex is half of the activation energy for the oxidizer decomposition. The S

dimensionless temperature parameter (, is tRT .'E i

In order to determine the burning rate, the surface temperature must be known.

Energy balances are performed on Region,, 1. 2, and 3 ,hovkn in Fig. 3, resulting in

Ihm
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equations which can be solved for the surface and flame temperatures. To solve for these

two temperatures, the flame standoff distance and the net heat release at the surface of the

propellant must be obtained. When equations for these two additional parameters are

determined, the following equations for the dimensionless surface and flame temperatures

result.

bp [C3  d1 lI ox s a.. Ef
=b +- 3P ef lexp(-S = 2  ~1/2) r !j1 EG s EO

2 -1 (r)2
+a 3 f O[ 1] (11)

3 0fP1

OF OS + a3[ 1 - ex{fP O lg 1 [0] ] (12)

a2 , a3, b2, b3, and 13 are all analytically determined constants. Equations (10), (11), and

(12) are iterated upon until consistent values for r, OF and s are obtained.

Surface Plane Flame Plane

Solid/
/

Region I /

To egionRegion 3

Heat Generation (Flame Reaction)

Heat Generation (Surface Reaction)

Figure 3. Sketch of Hermace's One-Dimensional Model Used to Calculate Gas and Solid
Phase Temperature Distributions
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Results of comparisons of Hermance's model with standard experimental results,

showed remarkably good agreement. A good fit with experimental data was found in the

pressure range of 1 - 400 atmospheres. The theory correctly predicted the decreasing

effect of oxidizer particle size on burning rate at pressures of 200 atmospheres or greater.

The model correctly predicted the the experimentally observed change of the burning rate-

pressure curve from concave down to concave up at pressures in excess of 10(0

atmospheres. Hermance's theory predicts that the burning rate exponent in the r = cpI

burning law will approach a constant value at high pressure; however, experimental data

shows that the pressure exponent continues to increase.

The surface geometry Hermance assumed turned out to be in error. There is no

evidence that a fissure develops between the oxidizer and the fuel as shown in Fig. 2.

However, Hermance's model remains a major step forward in the modeling of composite

solid propellent combustion. This was the first model to incorporate the heterogeneity ot

the propellant surface in a purely theoretical formulation. The statistical treatment of the

propellant surface, wherein a distribution of oxidizer particle sizes within the fuel matni,

assumed, as shown in Eq. (6), has been used in a somewhat different form in subsequent

theoretical treatments of solid propellant combustion.

2.3. Beckstead, Derr, and Price (BDP) Model.

The next major advance in theoretical modeling of solid propellant combustion came

about with the Beckstead, Derr, and Price (BDP) model.4 This model departed from earlier

models in its treatment of the flame structure formed above the propellant surfa,:e The

GDF model and Hermance's model assumed a single diffusion flame formed above the

surface, while Hermance's model assumed an AP monopropellant flame occumng right at

the propellant surface. The BDP model recognized that the real flame structure i,, more

complicated than that. In the BDP model, it is recognized that the AP monopropellant

flame can exist at some removed point from the surface. A diffusion flame can form helov,

"6
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the AP monopropellant flame as the gasified AP burns with the fuel binder, and a final

diffusion flame can form above the AP monopropellant flame as fuel vapors react with

secondary oxidizing products unconsumed in the AP flame. This multiple flame structure

is shown in Fig. 4.

Final Diffusion
Flame

\ AP Monopropellant

Primary FlameFlm

Figure 4. BDP Flame Structure

At low pressures (ambient to 100 psia) the rate controlling process is chemical

kinetics, as in the GDF model, and the fuel and oxidizer have time to completely diffuse

together before any chemical reaction can occur. Hence, the only flame produced is the

primary diffusion flame of the fuel and oxidizer. At higher pressures, it becomes more

difficult for the fuel and oxidizer to completely diffuse into one another, and the time of

diffusion for fuel to the region above the center of the AP particle becomes long enough to

allow the AP monopropellant kinetics to take place, and the AP flame will form over the

center region of oxidizer surface. Above the AP flame, secondary oxidizing products then

react with unused fuel to form the final diffusion flame. As pressure is further increased, it

becomes increasingly difficult for the fuel to diffuse into the AP gas, and the AP flame will

grow correspondingly larger and the primary diffusion flame correspondingly smaller. At

higher pressures, where chemical kinetics can occur more rapidly, the primary AP

decomposition products react almost exclusively with themselves to form the AP flame,

and only a negligible fraction react with the fuel to form the primary diffusion flame.

S
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Beckstead and his coworkers reviewed the extensive studies which had been made of

the burning surface and noted that the AP crystals protrude from the burning surface at low

pressures and are recessed at high pressures. The former case is shown in Fig. 4. They

also noted that no evidence was found for the cusps between the oxidizer and fuel assumed

in Hermance's model. These geometric findings are incorporated into the BDP model.

The average oxidizer intersection diameter given by Eq. (6) is retained in the BDP model.

The overall propellant burning rate is calculated based on this mean diameter.

Assuming that the regression of the oxidizer is the dominant factor in the combustion

of the propellant, and assuming that the overall oxidizer/fuel mass ratio is preserved, the

following expression is derived for the total burning rate of the propellant.

m S r
mT = o (12)

a tot .

The surface area ratio in Eq. (12) is found by assuming that the oxidizer surface either

protrudes above or is recessed below a planar fuel surface, and is given by

h2
hox 2 + 1 1 ( 1s ox6(D- - '  1 1

OX OX (13)

T ox 2
ox " ) + 1

ox

where -ox is the volume fraction of the oxidizer. The quantity (hox/Dox) is the ratio of the

average height of the center of the oxidizer surface either above or below the fuel surface to

the oxidizer diameter, and is found from:

h 1 r t. dlOx 1+ ( -21 -X+ r-M (14)
DOx rf Ox

'4'** ~ ps. - .,-... ~ ,.
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In the above equation, tign is an empirical ignition delay time for the oxidizer particle. It is

postulated that upon being exposed at the propellant surface by the regressing fuel binder,

the oxidizer particle must experience this delay prior to ignition.

In order to evaluate the mass burning rate in Eq. (12), mox must be determined. The

oxidizer burning rate is once again assumed to follow an Arrhenius burning law, so the

surface temperature must be determined. An energy balance in the solid phase is conducted

which results in the following expression for T s.

Ts = 0  S-C z -Q(l)Qel + (1'- F  c xp(-Ap) + x_ FF
c cP F' c A c F F

+ O3F 2LFexp(-4PF) (15)
p

In this equation, the 4 terms are dimensionless standoff distances of the AP monopropellant

flame (subscript AP), the primary diffusion flame involving the fuel and gasified AP

(subscript PF), and the final diffusion flame involving the fuel and secondary oxidizing

products of the AP flame (subscript FF). The heat release (Q) terms are the heat of

gasification of the oxidizer (QL), the heat of pyrolysis of the fuel binder (Qfuel), and the heat

released by the AP flame (QAp), the primary diffusion flame (QpF), and the final diffusion

flame (QFF). The term O3F designates the fraction of the decomposing AP oxidizing

reactants that are consumed in the primary flame. The relationship of this OF parameter to

the various flame standoff heights discussed below is given in Appendix C.

For a kinetically controlled flame, a standoff distance can be given by

m
x= -E (16)

P A exp(T-)

In this expression, m is a gas phase mass flux while 8, A and E correspond to the order,

pre-exponential frequency factor, and activation energy, respectively, of the kinetic reaction

, , ¢ € :',. ,:.,.,:......,:,'.:.: ¢,, ',. ,.%,,.. , V € . ,..., .-..- .. ,. ._._- , . ,.. . .. -. ... ..-.-..- S
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occurring at some average gas phase temperature T. For the two kinetic reactions - one for

the primary flame and the other for the AP monopropellant flame - two standoff distances,

xPF and xAp, respectively, can be determined.

Diffusional standoff distances for the primary and final flames, xPD and xFD,

respectively, can be obtained by performing a Burke-Schumann diffusion flame analysis 5.

Such a series analysis can be used to obtain the maximum diffusion height the flame will

attain above the surface. From this overall flame height, an "effective" diffusion flame

height can be found by calculating the fraction of the maximum flame height at which a flat

flame would be able to achieve the same heat transfer back to the surface.

The primary diffusion flame's dimensionless height 4PF is taken to be the summation

of the kinetic and the effective diffusion standoff distances

IPF =  (xPF + XPD) (17)

The parameter mT refers to the total planar mass flux from the surface. The AP flame

height is controlled entirely by chemical kinetics, as all species in the AP gas are assumed

to be well mixed as they leave the surface. Therefore, the AP flame's dimensionless

standoff height 4Ap follows

4AP = cpmox (xAp) (18)

The final diffusion flame, involving secondary oxidizer products and unconsumed fuel, is

at such a high temperature to begin with that there is no kinetic flame height associated with

it. The final flame nondimensional standoff height 4FF is thus related to the sum of the AP

monopropellant kinetic flame height and an effective final flame diffusion height

Cpmox

FF (xAP +x FD) (19)

%1 4



The IF term in Eq. (15) is found by projecting the plane formed by intersection of

the AP flame with the primary diffusion flame onto the surface of the oxidizer panicle.

Such an evaluation can be made by assuming that the diffusion flame is either parabolic or

conical. The actual value for h will vary somewhat depending on which geometric

assumption is made. Further discussion of this term is given in Appendix C wherein only

parabolic diffusion flames are considered.

The heat release terms associated with the the three flames in Eq. (15) are evaluated

based on adiabatic heat balances as follows:

QAP ,= cp(TAP -T) + QL (20)

cp

F(T F - T (TAP -T) + J (21)
af P

QPF =c(TFT)+aL+ (1-a)Qf (22)

In Eqs. (21) and (22), the value for TF is assumed to be the adiabatic flame temperature. It

is assumed that this temperature will be the same for both the primary and final diffusion

flames.

A surface temperature-dependent Arrhenius burning rate equation for the oxidizer,

along with Eqs. (12) through (22), must be solved numerically on a computer. The

surface temperature (Eq. (15)) is iterated on at a given pressure p and initial temperature

T0, with a unique overall propellant burning rate r - coupled through the mass flux terms in

the flame height equations - resulting. Both pressure and initial temperature can be

independently varied so that the pressure and temperature sensitivities can be evaluated for

a given propellant formulation.

I 



Results from the BDP model were compared with experimental data for a series of

unimodal polysulfide propellants. It was found that the model tended to overpredict the

effect of oxidizer particle size on the burning rate. The authors theorized that this had to do

with discrepancies in the equations for evaluating the diffusion flame heights. The effects

of oxidizer mass content on the burning rate was found to be in good agreement with

experimental data, as was the predicted sensitivity of the burning rate to the initial

propellant temperature.

2.4. Petite Ensemble Model (PEM).

The BDP model discussed above assumed a monodisperse propellant, that is, all

oxidizer particles in the propellant were of the same diameter Dox. In realitiy, however,

there is a distribution of oxidizer particle sizes in the propellant. This distribution of

particle sizes was partially addressed in Hermance's model in determining the average size

of the postulated fissure between the oxidizer and the fuel. The Petite Ensemble Model

(PEM) 2 ,6,7, however, treats the distribution of oxidizer particle sizes in a much more

thorough approach.

In describing the particle size distribution for a particular oxidizer mode, it is

convenient to define two parameters which describe this distribution. These are the

oxidizer mode's mean diameter, Dox, and the standard deviation of the oxidizer particle

sizes about this mean diameter, ox. The mass distribution of an oxidizer grind can then be

characterized by the following log normal distribution function

[tl~ )] I 1ln(D) - ln(Dox) 2]

Fox,d 5 exp[( lnx) OX) ] (23)

Integrating this distribution function from one oxidizer particle size to another yields the

fraction of the total mass of the oxidizer mode which lies between these two oxidizer size

limits of integration.

'.V V
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The average burning rate for the oxidizer mode can be calculated in one of two ways.

In the first method, the burning rate is calculated by

r Jd. d ln(D) ]  (24)
D 'd

Ox

This is a series summation of the burning rate, where the d subscript indicates quantities

related to a given oxidizer size or pseudo-propellant. It has been argued that a parallel

summation of the burning rate is more appropriate, so a second integration scheme

proposed takes the following form

1 I= [ln(D ) (25)
r ard

D 'drd
ox

When solving Eqs. (25) or (26) on a computer, a finite number of oxidizer particle sizes is

chosen, with the particle sizes distributed about Dox, based on the value of ox. For each

particle size, the burning rate is calculated, and then a simple Simpson's scheme is used to

perform the integration given by Eqs. (25) or (26).

For each oxidizer particle size, the scheme used for calculating the burning rate

closely follows the BDP multiple flame model outlined above. The total burning rate for

the given oxidizer diameter is given by the equation

SP  P
pS~x pSf
-.21 + m (26)rut = mOX-P- f SrP
ST  S

where the P superscript indicates that the quantitfis are planar surface-based quantities, and

the T superscript indicates that the quantities are total surface-based quantities. The planar

surface area ratios are related to the volume fraction of the oxidizer, ox, which is equal to

S
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ox a PT (27)
POX

The two areas ratios are then described by

Sa

ox =ox (28)
P
ST

and

PSfS OX) (29)

ST '

The planar and total surface areas and mass fluxes for the fuel are assumed to be

equal. The total oxidizer surface area is related to the planar oxidizer surface area by the
average height from the surface, hox, that the oxidizer particle either protrudes above or is
recessed below the fuel suface. Equation (14) gives the relation for this dimension ho.

The ratio of the total oxidizer surface area to planar area is given by

ST

S h 2 ho I
ox1 = h3 x2+ 3[- ].2 1 (30)
P D + D

S ox ox
Ox

where the plus subscript refers to the average height above the surface and the minus I
subscript refers to the average height below the surface.

The flame structure assumed in the PEM is the same as in the BDP model, and the

energy balance equations are the same as well. In performing the Burke-Schumann

analysis necessary to find diffusion flame heights, several assumptions are made regarding

the geometry of these flames. In the Burke-Schumann analysis, it is necessary to assume

that the oxidizer decomposition products issue from the surface as a circular duct centered

above the oxidizer crystal. The fuel binder pyrolysis products issue in a concentric annUlw,.

m 11
d .",14 ., ," ,1 " , ." " ' ." .- ,m .. , . €,,e". ..". ,. .-"- .-",-". .°"- € -. -.• .- .•. - ., '. ".'.'.-"S



21

surrounding the oxidizer stream. From geometric considerations, the radius a of the

oxidizer stream and the radius b of the surrounding fuel stream can be shown to be given

by
1

a= DOx (31)

b= D (32)

Since the Burke-Schumann analysis requires the planar mass fluxes from each tube to be

equal, the PEM allows for the inner tube radius to vary instantaneously as the gas leaves

the surface via a flow slipline so that the oxidizer and the fuel mass fluxes are equal. The

new inner radius a' is given by
d.

a'- a (... )1/2 (33)

OX

The diffusion flame height is then solved for based on this geometry.

As in the BDP model, the surface temperature is iterated upon until convergence is

obtained. Then, the burning rate for the next diameter, or pseudo-propellant, is

determined. When the burning rates of all diameters have been calculated, Eq. (25) or

Eq. (26) is solved to find the total propellant burning rate of the oxidizer mode.

The PEM has been modified to handle the effects of aluminum additives in composite

solid propellants. This modification to the PEM is know as the ALPEM. The ALPEM %

models the burning process of an aluminum particle, including the heating up of the particle

as it enters the thermal profile of the propellant below the surface, its further heatup and

melting as it reaches the surface, its lifting off the surface by viscous drag forces of the,

emitting fuel gas stream, and its final ignition above the oxidizer surface. The added

energy that aluminum particle combustion adds to the gas phase is taken into account in the

L g as it r



ALPEM in the heat transfer analysis used to determine the surface temperature. The

ALPEM accounts for the existence of a distribution of sizes in the aluminum particles by

solving for the heat transfer associated with each particle size, averaging the results, and

using this average heat transfer value in in the energy balance used for each oxidizer particle

size.

In a real rocket motor, the burning rate can be enhance by the phenomenon of erosive

burning, as hot exhaust gases flowing over the surface enhance the mixing in the gas

phase. The PEM can model this erosive burning enhancement, for turbulent flow across

the surface. In addition, the PEM is set up to model the response of the propellant to both

pressure and velocity oscillations which can be present within the rocket motor.

The PEM predictions are excellent (within ±10% of experimentally obtained burning

rates and pressure exponents for a series of multi-modal non-aluminized propellant

formulations). It represents a new philosphy in the theoretical modeling of composite solid

propellants in its statistical treatment of real rocket fuels. While the statistical treatment of

the propellant employed by the PEM will not be incorporated in this thesis, the heat transfer

and flame analysis used by the PEM will be used in development of a modified burning

model, which will be described shortly.

2.5. King Formulations.

Instead of assuming all oxidizer particles are of some average size, the PEM

addresses the nonuniformity of oxidizer particle sizes in its statistical approach to finding an

average burning rate. However, in determining the burning rate associated with each

individual particle diameter, averaged parameters are used. The surface diameter of the

oxidizer particle is assumed to be an average value (see Eq. (6) above), as is the height of
J.

the oxidizer above or below the fuel surface. In reality, of course, the exposed surface area

is constantly changing, as well as the height above or below the fuel surface.
S
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The tradeoffs of adopting different approaches to the modeling of solid propellantI

combustion was discussed by Glick 7. Glick recognized that a model which accounts for

each microstate of the oxidizer particle, i.e., each state the particle goes through as it and

the fuel surrounding it are consumed, would be the most realistic modeling approach toI

take. However, Glick stated that in the tradeoff between model accuracy and cost and

computing time, the PEM approach, which applies a statistical approach to computing the J

overall burning rate, but averages geometric parameters for each individual particle, was the i
Taking the more detailed approach, King8 developed a model to determine the

burning rate of solid propellants (with oxidizer particles all of the same diameter) by

averaging burning rates as the burning surface passes through a number of discrete heights

(approximately 20) from the top of the oxidizer particle. The propellant is allowed to burn

down to the first height increment, where the burning rate is determined, and then is

allowed to burn down to the next height, where the burning rate is again determined, and

so on. When the oxidizer or fuel has been completely used up, an averaging technique is

used to find the the overall burning rate.I

At each height from the surface, the local fuel/oxidizer geometry must be determined.

Straightforward geometric evaluation can give the planar surface area of the oxidizer at any

height from the top of the particle, assuming the particle is a sphere. To determine the fuelI

diameter, King assumed the oxidizer crystals are arranged in a closest cubic packing array.

though with the spacing between particles larger than that required for 100 percent of

maximum theoretical loading. Based upon this oxidizer packing arrangement, the fu--

surface area is apportioned to the oxidizer particle at each incremental height from theI

surface. When two layers of oxidizer overlap, fuel is apportioned between them based J

upon the ratio of the two oxidizer planar surface areas. King does not explain in detail howI

these assumptions are used to derive formulas to find the fuel surface area, or what these

formulas are.j
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The fuel is asssumed to regress in a planar mannar, while the oxidizer surface is

forced to be continuous at the oxidizer/fuel interface. Since the oxidizer is allowed to burn

at a different rate from the fuel, the oxidizer surface can assume a curved shape, which

either rises above or is recessed below the fuel surface, depending upon its burning rate

relative to the fuel's burning rate. The nonplanar surface area of the oxidizer is calculated

from

So =: n1[8oDox - 28oxh + 82x 35)

where Sox is the nonplanar oxidizer surface area, hf is the distance to the planar fuel

surface from the initial top of the oxidizer particle, and 80x is the height of the center of the

oxidizer surface from initial top of the oxidizer particle. This nonplanar oxidizer surface

area is important as it is used in the calculation of mass fluxes and flame heights in the

model.

Unlike the BDP and PEM models, King's model assumes two flames form above the

burning surface, an AP monopropellant flame and a diffusion flame. King's flame model

is shown in Fig. 5. Allowances are made in the AP flame computations to account for the

fact that some of the AP reactants have already been consumed in the columnar diffusion

flame which occurs below the point of AP flame ignition. King uses a modified Burke-

Schumann analysis to determine the height of the diffusion flame above the surface. The

height of the flame above the surface is modified to account for the effects of erosive

burning, by assuming that the hot gases flowing parallel to the propellant surface cause the

diffusion flame to be bent at some angle, reducing the perpendicular height of the flame

from the surface. This bending of the flame will reduce the effective flame height, thus

enhancing the burning rate of the fuel. Also, rather than computing some average standoff

distance for the diffusion flame from which heat release is assumed to take place, King

assumes a continuous heat transfer from the diffusion flame back to the oxidizer surface.

In addition, it is assumed that the fuel and oxidizer receive different amounts of heat from

V V V
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the two flames, where the fuel only receives heat from the diffusion flame while the

oxidizer receives heat from both the diffusion and AP monopropellant flames.

Flame SheetI
Heat Release

AP

Figure 5. King's Flame Model

Also unlike the BDP or PEM, King assumes a subsurface reaction between the

oxidizer and fuel which is temperature dependent. The amount of fuel and oxidizer

available for flame formation in the gas phase is modified to account for this subsurface

reaction.

King's entire analysis comprises 27 unknowns in 27 equations which are all solved

simultaneously. In this manner, the burning rate is calculated for each height increment

from the surface. To determine the average burning rate for the entire oxidizer particle,

King uses the following equation

(moxiS oxi + mf,iSf,i
r (36)ave

PTXIrSox + S )
,i i
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where Sox and Sf are planar oxidizer and fuel areas and the oxidizer mass flux term mox is I
the based on the planar surface area of the oxidizer. The term PT refers to the total density

of the overall propellant. The summation above is over each of the it individual burning

states the oxidizer passes through. Other possible averaging techniques were considered,

one of which will be detailed below in the discussion of the various modifications King has

made to his basic model.

Use of Eq. (36) to calculate the burning rate begs the question of what happens

when the oxidizer burns out before the fuel does. (King claims that geometric arguments

show that the reverse situation cannot occur, but goes into no detail showing this.) King

refers to this question as the "end game." When there is unused fuel left over, Eq. (36)

has a number of increments for which the burning rate is zero, which will pull the average

burning rate down. King keeps these terms of zero burning rate in Eq. (36), though

recognizing that the issue of how to handle the question of the "end game" is far from

closed.

King compared results from this model with experimental results for zero crosstlowk

and crossflow cases. Two parameters in King's model, relating gas flame reaction

distances to gas phase velocity away from the surface and pressure, were varied to search

for optimal values. For the zero crossflow cases, good agreement was found %ith

experimental results for 5 and 20 micron diameter AP propellants, but burning rates for a

200 micron AP propellant were severely underpredicted. King theorized the problem wa,

with the rate constant used for the subsurface oxidizer/fuel reaction or that a more realitic

model was needed for the heat transfer back from the diffusion flame. When ,he

subsurface burning rate constant was varied to fit an optimal value, better agreement for the

200 micron case was found. In all cases, the predicted sensitivity of the burning rate 1k,

crossflow velocity was somewhat less than observed experimentally.

King produced another paper9 which included a number of modification, to hi,

original two-flame oxidizer/fuel regression model. The zero crosstlow molfificanl,.

'p
"'p

'-



271

included a new method to calculate flame heights, replacing the oxidizer/fuel subsurface m

heat release term by a heat release term which occurs only in a surface melt layer, and a

revised diffusion flame heat release term.

Two versions of this zero crossflow model were compared with experimental results.

In the first version, the flame temperature and gas phase heat capacity were assigned values 6

based on the overall oxidizer mass fraction of the propellant, instead of being based on the

gas phase oxidizer mass fraction at each incremental step. Also, the average burning rate

given by Eq. (36) was modified to include only those height increments with nonzero

burning rates. In the other version, the oxidizer/fuel mass ratio of the gas streams

emanating from the surface at each incremental height from the surface was forced to be the

same as the overall propellant's oxidizer/fuel mass ratio. This made the fuel area at each

incremental height from the surface equal to

(lczm (37)1
f am~ f

where Sr is the fuel surface area and cc is the weight fraction of the oxidizer. This approach

eliminates the problem of the "end game" since the fuel area is now zero only when the

oxidizer area is zero. Also, using this second approach, the average burning rate is now

calculated from the expression

11 XF ~6
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King also developed a version of his model to handle propellant formulations where

more than a single oxidizer diameter is present. To do this, King replaced the surface

regression analysis with average surface area values, much the same as is done in the PEM.

He then calculated the burning rate one time for each oxidizer diameter present in the fuel

based on these average values, and used a "petite ensemble" approach to determine the

overall propellant burning rate, again much as is done in the PEM. This model retained the

"bent flame" assumption for erosive burning analysis, but also included an analysis of

erosive burning enhancement of transport phenomena, once again similar to what is done in

the PEM. This erosive burning model was found in general to be in good agreement with

experimental data.

In the next chapter, a detailed description of how the Petite Ensemble Model (PEM)

has been modified to better represent the actual time dependent burning rate behavior of a

single oxidizer/fuel pair will be presented. This model, subsequently referred to as the

Continuous Oxidizer/Regression (COR) model, blends the methods discussed by King into

the statistical treatments and burning rate analyses employed by the PEM and earlier models

discussed herein.
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CHAPTER 3 - MODEL DESCRIPTION

The theoretical combustion model which is the subject of this thesis, the Continuous

Oxidizer Regression (COR) Model, employs major components of the earlier Petite

Ensemble Model (PEM)2,6,7 in determining the surface temperature and burning rate of a

composite solid propellant. As with the earlier PEM formulation, a surface temperature is

first assigned, from which, assuming Arrhenius expressions for reaction rates, mass fluxes

from the oxidizer and fuel binder surface are determined. Three types of flames may form

above the surface, an AP monopropellant flame, a primary diffusion flame, and a final

diffusion flame. Surface mass fluxes and the oxidizer/fuel surface geometry determine

which flames form and what their heights above the surface and gas phase temperatures

are. The heat fluxes from these flames back to the propellant surface are calculated, and an

energy balance is performed at the surface. Based upon this energy balance, a value for the

surface temperature is calculated. The calculated value is compared to the assumed value,

and if the two values differ by more than an acceptable tolerance, the value for the surface .
.4

temperature is adjusted, and the analysis repeated. This process is continued until

convergence on a surface temperature and a corresponding burning rate is achieved. The

COR model has incorporated new assumptions into the basic framework of the PEM in an

attempt to more realistically model the combustion of a solid propellant. These new

assumptions are to be discussed in this chapter.

3.1. Oxidizer/Fuel Geometries.

In the original PEM, it is assumed that for the mean combustion state of a typical

oxidizer/fuel binder pair, the oxidizer surface exists some average height either protruding

above or recessed below the planar fuel surface. This height is based upon an assumed

ignition delay period, which was discussed in Chap. 2. Based upon this ignition delay

time and the concept of a mean combustion state representing the entire oxidizer particle

'U
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burning process, an average surface diameter of the oxidizer particle and the average height

of the oxidizer surface above or below the fuel surface are calculated. These values are then

used to determine the average nonplanar surface area of the oxidizer particle. The ratio of

the planar to nonplanar oxidizer surface areas gives the correction factor by which the

nonplanar oxidizer mass flux (given by Arrhenius kinetics) is multiplied in order to

represent an actual surface planar oxidizer mass flux. Based upon the propellant oxidizer-

to-fuel mass ratio, a fuel surface diameter corresponding to the average oxidizer surface

diameter is calculated. These two average diameters then become the diameters of the inner

and outer tubes of issuing fuel and oxidizer needed to calculate the height of the primary

and final diffusion flames above the propellant surface. With known surface geometry

along with the fuel and oxidizer surface mass fluxes, gas temperatures, and other

thermophysical constants, kinetic flame heights above the propellant surface are also

obtained.

One of the major departures from the PEM formulation that distinquishes the COR

model is that the burning surface of a single oxidizer/fuel binder pair is assumed to

continually regress. No longer is the overall oxidizer particle burning rate assumed to be

represented by the burning rate of a single mean state oxidizer/fuel geometry. The burning

rate is therefore calculated at a number of discrete intervals; the burning rate for each

interval being determined by the local fuel/oxidizer geometry over that interval. Therefore,

the mean state/average surface geometry assumptions of the PEM are disregarded, and

instead, a surface geometry and instantaneous burning rate is determined at discrete time

intervals during the overall oxidizer/fuel binder pair combustion.

The first assumption which needs to be made in the COR model is the geometric

relationship between the oxidizer particle and the planar fuel surface which effectively

engulfs it. The oxidizer particle is assumed to be spherical in all cases considered. Two

possible senarios for allocating the fuel surrounding an individual oxidizer particle are

assumed. In the first scenario, the available fuel surrounds the oxidizer as a concentric

Sb
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sphere, as shown in Fig. A. 1. Such a configuration assumes that the fuel binder equally

"wets" the individual oxidizer particles. The other possible scenario is one in which, at any

planar cut through the oxidizer particle, the fuel and oxidizer are always in the same mass

ratio as that of the overall propellant. This restriction results in the configuration shown in

Fig. A.5. This is stating that an oxidizer/fuel binder pair always bums at a constant

stoichiometry throughout with only the relative geometric dimensions changing.

The discreet time intervals at which the COR model calculates a burning rate are the

incremental times during which equal volumes of fuel have been consumed. As in the

PEM, the fuel surface is always assumed to remain planar, so as each volume of the fuel is

consumed, a different planar surface will become exposed. The planar fuel and oxidizer

diameters at these intervals will depend on what the height is from the initial planar surface

when a given volume of fuel has been consumed. The details of how the height from the

initial planar surface and the new planar fuel and oxidizer diameters are determined are

presented in Appendix A below.

In the COR model, the oxidizer and fuel are allowed to burn at different rates; the

burning rates being determined by different Arrhenius burning rate constants. The oxidizer

surface must remain continuous with the fuel at the point where the oxidizer and planar fuel

surfaces intersect, and this restriction causes the oxidizer surface to assume the shape of a

partial sphere which either protrudes above or is recessed below the planar fuel surface.

Whether the oxidizer surface lies above or below the planar fuel surface depends on

whether the oxidizer is burning slower or faster than the fuel. For the results presented

herein, the COR model assumes a single surface temperature represents both the oxidizer

and fuel binder. However, like the PEM, a separate surface temperature approach can be

utilized.

An oxidizer burning mass flux is determined from an Arrhenius expression, and

when divided by the oxidizer density, the linear oxidizer burning rate results. This burning

rate is then multiplied by the time the incremental fuel volume takes to be consumed, and

0
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this product is gives the vertical distance that the center of the oxidizer surface has

regressed. This displacement is subtracted from whatever the previous oxidizer height I
from the original surface was, and a new height of the oxidizer surface from the original

surface is determined. The difference between this height and the instantaneous fuel

surface displacement determines whether the oxidizer surface lies above or below the fuel

surface. Once the height of the oxidzer surface above or below the fuel surface is

determined, the oxidizer's nonplanar surface area is determined. As is the case with the

PEM, this ratio of the planar area to the nonplanar surface area provides a correction factor

which the oxidizer's burning mass flux is multiplied in order to determine the total planar

oxidizer mass flux from the surface.

Even though the surface geometry is calculated only at discrete intervals, the fuel is in

fact being consumed continuously. Therefore, over any given burning increment, it is

necessary to take averages of what the oxidizer diameter, fuel diameter, and nonplanar

oxidizer surface area are during that time increment. Appendix A provides all the necessary

details on how these average quantities are determined.

3.2. Flame Structures.

In the PEM model, it is reasonable to assume that the diffusion flames that form are

almost always under-ventilated for the typical values of the propellant oxidizer mass

fraction, (x, considered and, therefore, close over the oxidizer surface. However, in the

COR model, where the surfaces are continuously regressing, a highly nonplanar, time

dependent oxidizer surface can result. The corrected mass flux from this nonplanar

burning surface can be large enough so that both the primary and final diffusion flames

become over-ventilated (closing over the fuel binder surface).

Even though the PEM assumes that the oxidizer surface is nonplanar when the

oxidizer mass flux is being calculated, for geometric simplicity the formation of flames is

still considered to occur over a flat surface. In the COR model, the effect that the nonplanar

,?
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oxidizer surface has on the formation of flames is taken into account. This effect, plus the

effect of whether the diffusion flames are over- or under-ventilated, leads to the possible

flames cases shown in Figs. 6 through 10.

The first possible flame case, Case A, is shown in Fig. 6. This case occurs when

the oxidizer surface is concave (recessed below the planar fuel surface), and the standoff

distance for the AP monopropellant flame, xAp, is smaller than the maximum depth of the 'J

oxidizer surface below the fuel surface, hox. (Appendix A shows in detail how the quantity

hox is calculated). The AP flame is assumed to be a flat flame sitting at a distance of (hox -

xAp) below the planar fuel surface, and extends horizontally to the points where it touches

the oxidizer surface. It is assumed that the fuel cannot diffuse below the planar surface to

react with the oxidizer, so no primary diffusion flame forms. A final diffusion flame

begins just at the planar surface, where the fuel first has the chance to react with the AP

flame products. The final diffusion flame may either be over- or under-ventilated

depending on the overall oxidizer/fuel stoichiometry.

The question arises as to whether the AP flame should in fact be assumed to be flat,

since oxidizer is issuing from a continuous nonplanar surface. Although the assumption

that the flame is indeed flat and sits at a height of xAp above the bottom of the oxidizer

surface is clearly not precise, it does account for the fact the oxidizer-rich AP

monopropellant flame combustion products that take part in the final diffusion flame are

issuing from below the fuel surface. Determining what the actual shape and location of this

flame is beyond the scope of this effort, so the flat flame approximation is used here out.

The second possibility for flame formation is shown in Fig. 7. This case (Case B)

is again for a concave oxidizer surface. Now the AP flame is of such a height that when

compared with hox, the AP flame is observed to sit above the planar fuel surface. The

primary diffusion flame would now have a chance to form except that in this case, the

primary flame's kinetic standoff height, xPF, is greater than the vertical location of the AP

flame, (xAp - hox). The primary flame has no chance to develop, since all of the oxidizer
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decomposition products are used up in the AP monopropellant flame before a primary

diffusion flame reaction can ever occur. As always, a final diffusion flame forms above the

AP flame, and can either be over-ventilated or under-ventilated.

If the value of (xAp - hox) grows larger than the primary flame's kinetic standoff

height, xpF, then a primary diffusion flame can begin to form. This case (Case C) is

shown in Fig. 8. The primary diffusion flame will be cut off at the point (xAp - hox),

since no oxidizer will be available to the primary flame beyond this point. For the under-

ventilated case, the AP flame will extend horizontally to the points where it cuts off the the el

primary diffusion flame. The final diffusion flame then forms above the AP flame.

For the over-ventilated case, the primary flame will still be cut off at the height above

the surface where the AP flame forms. Since part of the oxidizer decomposition products

are used up in the primary flame, the AP flame only extends a horizontal distance

(1 - PF)Dox, where O]F, the fraction of reactants entering the primary flame, is determined

as shown in Appendix C. Physically, is it clear that a diluted AP flame should extend all

the way to the points where it cuts off the primary flame, but from a heat transfer

standpoint, this assumption is equivalent to considering the AP flame to have an extent of

(1 - PF)Dox, since only (1 -- O3F) of the original oxidizer will ever be able to react in the

AP monopropellant flame. Since the end goal of the flame formation analysis is to

determine the heat transfer back to the propellant surface, the assumption of the AP flame

having of diameter of is (1 - ,)Dox is valid.

A limiting value in the formation of an AP flame is reached when (xAp - hox) equals

(xpF + xpD), where xpD is the fully developed primary diffusion flame height. Beyond

this point, the primary diffusion flame has the opportunity to completely develop and close

over the fuel or oxidizer surface, and this will be the only flame which forms, since there is

no oxidizer available to form an AP monopropellant flame.

The cases where the oxidizer surface is convex (protruding above the planar fuel

surface) now need to be considered. For these cases, the AP monopropellant flame is
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assumed to always lie at the height xAp above the oxidizer suface, leading to a curved AP

flame matching the contour of the oxidizer surface. This assumption can be questioned just

as the assumption of a flat AP flame when the surface is concave can be questioned. The

oxidizer is in fact discharging mass normal to the AP surface whose slope is constantly

changing, so in all likelihood such gases will not travel in a perfectly vertical direction

before combustion. The assumption does, however, account for the nonplanar nature of

the AP surface, and with no information available as to what the actual flame contour

would look like, assuming that the flame matches the oxidizer surface appears to be a

reasonable assumption.

The first case to be considered when the oxidizer surface is convex, Case D, is

shown in Fig. 9. For this case, (xpF + xPD) is less than hox and it is assumed that the

oxidizer surface acts as a "wall" which will keep the fuel from diffusing inward to react

with the oxidizer. Therefore, if the diffusion flames are under-ventilated, the primary flame

never gets a chance to form, and only the AP and final diffusion flames form. However, if

the flames are over-ventilated, the primary diffusion flame can form. For the over-

ventilated case, following the same line of reasoning as in the case of a concave oxidizer

surface, the AP flame will not extend to the point where the primary diffusion flame is cut

off, but will only extend the horizontal distance (1 - N3F)DOx.

In Case E, shown in Fig. 10, xPD is now greater than hox, and XPF is less than xAp.

The oxidizer surface now no longer acts as a barrier to the formation of the primary

diffusion flame, and since XPF is smaller than XAP, the primary diffusion flame has a

chance to form. There are two extreme limits to Case E. If xpF grows larger than xAp, no

primary diffusion flame will form, and the only flames formed will be the AP

monopropellant and the final diffusion flames. If XAp grows larger than (xpF + xpD), no

AP flame will form, and the only flame formed will be the primary diffusion flame.

It is noted that while the assumption of a nonplanar oxidizer surface is used in
0

determining which flames will form, the effective heights of the flames used in the heat
.e
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transfer analysis to obtain a surface temperature (Eq. 15), are always the flame heights

relative to the planar fuel surface. The three-dimensional analysis that would be required to

determine what the effective height of a flame is relative to the nonplanar oxidizer surface,

and what fraction of the heat of this flame goes to this surface and what fraction goes to the

fuel surface, is beyond the scope of the present analysis.

3.3. Incremental Surface Temperature Calculation.

The burning rates calculated for the fuel and oxidizer at each discrtete interval are

based upon an assumed surface temperature. To determine whether this surface

temperature is correct, a surface energy balance must be performed. If the assumed surface

temperature does not agree with the temperature resulting from the surface energy balance,

then it must be modified until it is sufficiently close to the value returned by the surface

energy balance.

The COR model's energy balance equation is the same as that used in the BDP and

PEM models, Eq. (15). It assumes the same type of multiple flame formation above the

propellant surface as the PEM does. The criteria used to determine which types of flames

will form for a given oxidizer/fuel geometry are modified in the COR to account for

nonplanar effects, as explained in Sec. 3.2 above.

The heat transfer analysis of Eq. (15) assumes a single surface temperature for both ..-

S.

the oxidizer and fuel surfaces. The energy balance is performed with respect to the oxidizer

surface, and it is assumed that the fuel surface will have the same temperature. As already .

mentioned in the discussion of flame formation, the three-dimensional analysis required to

determine the heat flux back to the fuel and oxidizer surface, and the subsequent dual

energy balances required for both of these surfaces, will not be included within the scope

of the current investigation.

The heat transfer analysis requires a knowledge of which flames form above the

planar surface, along with information as to the heights of these flames above the oxidizer 0

S"
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surface. Section 3.2 outlines the logic used to determine which flames are formed. The

representative flames heights are determine as described below.

When the AP monopropellant flame exists, its height above the surface is taken as

the kinetic standoff height of the flame. This assumption is employed when the oxidizer

surface is concave (recessed) because even though the flame height lies at (xAP - hox)

above the planar suface, it still will be located at xAp above the center of the oxidizer

surface, and the heat transfer analysis is performed with respect to this surface. When the

oxidizer surface is convex (protruding), the AP flame lies at xAp above the surface at every

point along the surface, so no correction for the height is warranted.

The calculated diffusion flames are assumed to be parabolic in shape, so determining

the heat transfer from this type of flame back to the oxidizer surface is more complicated.

The PEM calculates an equivalent standoff distance at which a flat flame would have to

exist to produce the same heat transfer as the parabolic diffusion flame produces. This

equivalent standoff distance is then added to the kinetic height of the flame for the primary

diffusion flame or added to the kinetic AP monopropellant flame height for the final

diffusion flame. These overall flame heights are then used in their nondimensional form

within the surface energy balance, Eq. (15).

As mentioned previously, the PEM calculation of the equivalent flat flame standoff

distance is used assuming that the diffusion flame is almost always under-ventilated

(closing over the oxidizer surface). In the COR model, however, over-ventilated diffusion

flames (closing over the fuel binder surface) are also a possibility. The heat transfer

analysis required to find the equivalent standoff distance for an over-ventilated flame is

different from that performed on an under-ventilated flame. This analysis is given in

Appendix B below.

The 13 parameter in Eq. (15) is the fraction of reactants which react in the primary

diffusion flame when such a flames develops. The equation for PF for the case of an

under-ventilated flame is given by Eq. (C.1). It is based upon the kinetic heights of theI

"0
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primary and AP monopropellant flames, and on the height of the primary diffusion flame.

This equation needs to be modified for the case of an over-ventilated flame. This analysis

is shown in more detail in Appendix C.

The PEM calculates the adiabatic flame temperatures required in Eq. (15) based on

the overall oxidizer/fuel mass ratio of a given pseudo-propellant or oxidizer/fuel binder

pair. In the COR model, the adiabatic flame temperatures are determined based upon how

much fuel and oxygen are consumed during a given burning increment. The mass of fuel

consumed for a given burning increment will be constant, since each burning increment is

defined as the time it takes for a fixed volume of fuel to be consumed. To find the mass of

oxidizer consumed, it is necessary to know the time it takes for this volume of fuel to be

consumed.

The time it takes for the fuel volume to be consumed is the product of the fuel's

burning rate times the horizontal distance its planar surface must regress in order for the

given fuel volume to be consumed. Due to the spherical geometry involved, this horizontal

distance will not be the same for each subsequent equal volume of fuel consumed, but will

depend on the location of the fuel being consumed relative to the initial planar surface. The

calculation of these incremental horizontal distances is covered in Appendix A. Once the 0
horizontal distance which the fuel surface has regressed is determined, the time it takes for

the fuel to be consumed is simply this horizontal regression distance divided by the fuel's

average burning rate. The fuel's average burning rate is determined by averaging the

burning rate for the current marching increment (based on an Arrhenius expression and the

assumed surface temperature) with the burning rate that was calculated at the previous

marching increment. ,
,•

The incremental distance that the oxidizer regresses is found by multiplying the time it

takes the fuel to be consumed by the burning rate of the oxidizer (again calculated based on

an Arrhenius expression and the assumed surface temperature) averaged with the burning

rate from the previous marching increment. This incremental distance is then subtracted

% %.
...:.......,,,,., .-..-.., ..-..., .;,



39

from the horizontal location of the oxidizer at the previous burning interval to obtain the I
new horizontal location of the oxidizer surface. Based upon this new horizontal location of

the oxidizer surface, and its relative location with respect to the planar fuel surface, the

parameter hox can be found. From tile value of hox, the volume of oxidizer consumed, and

its respective mass, can be calculated. The additional details of the calculation of the

volume of oxidizer consumed are given in Appendix A. The mass of fuel consumed

follows directly from the volume of fuel consumed, and the adiabatic flame temperature can i
then be found from the oxidizer/mass ratio.

Once it is determined which flames form above the surface, what the flame heights

and flame temperatures are, and what percentage of the reactants are consumed in each

flame, Eq. (15) can be used to calculate a new surface temperature. If the new surface

temperature is not sufficiently close to the assumed value, a new surface temperature is

selected and the flame formation/heat transfer analysis is performed again. This process is .1

continued until convergence is achieved on the proper surface temperature. The time it

takes the volume of fuel to be consumed based on this surface temperature is added to the

burning times from previous burning increments, to obtain a new total burning time. The

burning rates of the fuel and oxidizer for the current burning interval are stored and used in

determining the average burning rates at the next burning interval.

3.4. Oxidizer Crystal Marching Scheme.

It is assumed that at the initial point of the burning analysis, when the tip of oxidizer

particle has just been exposed at the planar fuel binder surface, the burning rate is

effectively zero. At each succeeding increment below this initial surface, the incremental

burning rates for the fuel and oxidizer and the incremental burning time are determined as

described in Sec. 3.3 above. '

This procedure continues up to the point where either the fuel binder or oxidizer is

completely consumed. It is possible that one of these propellant constituents can burn out

%.,
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before the other due to the fact that they have different burning rates. If the allocated fuel I
binder burns out before the oxidizer does, the final burning area for the fuel will be zero.

The burning rate for the fuel at the end of the final increment must therefore be zero. To

compute the burning time for this final increment the burning rate of the fuel from the

previous time step is divided by two to obtain an effective average burning rate. This

average burning rate is used to calculate the burning time of the final increment. As before,

this burning time is added to the burning times of the other increments to obtain the overall

burning time.

If the oxidizer burns out before the fuel does, then for the increment in which the

oxidizer burns out, the oxidizer will be completely consumed before or just when the

incremental volume of fuel has been consumed. Once the oxidizer is completely

consumed, it is again assumed that the burning rate for the fuel is zero. Therefore, the

height increment for this interval must be based on how much fuel was consumed just prior

to the oxidizer completely burning out. For this final burning interval, a burning time must

be calculated based upon how long it takes for the oxidizer to burn out. This burning time

will be the inverse of burning rate of the oxidizer divided by the distance the oxidizer

regresses before it burns out. Based upon this burning time, and the linear burning rate of

the fuel, the distance the planar fuel surface regresses can be calculated. The volume of

fuel consumed can be found from this distance by the methods shown in Appendix A. The

volume of oxidizer consumed will be the volume of oxidizer that remained at the beginning

of the burning increment. All values needed for a surface energy balance over the final

burning increment are then known. When convergence on a surface temperature is

achieved, the burning time for the fuel is added to the previous total burning time to obtain

the updated total burning time.

ft~L 2 %J
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3.5. Overall Burning Rate Calculation.

At the beginning of the COR analysis, when the oxidizer particle has first been

exposed to the surface, the total burning time is taken to be zero. After the burning rate

analysis has been completed for the first incremental volume of fuel consumed, the time it

takes for the fuel to be consumed over this increment becomes the total burning time of the

propellant. After the burning rate analysis has been completed for the second volume of

fuel consumed, the time it takes for the second volume to be consumed is added to the total

burning time, and this sum becomes the new total burning time. This process is continued

until the analysis on the last burning increment has been completed. ,1

The COR model requires that the fuel and oxidizer bum in the same proportion as the

oxidizer/fuel mass ratio of the overall propellant. If, after the oxidizer or fuel has burned

out, the ratio of the total mass of fuel burned to the the total mass of oxidizer burned is not

in agreement with the overall oxidizer/fuel mass ratio, then the value of oxidizer mass

fraction c used in Eq. (A. 1) is adjusted so that a greater or lesser mass of fuel surrounds

the oxidizer crystal. If the ratio of oxidizer to fuel burned is less than the required ratio,

then the total volume of fuel surrounding the oxidizer is decreased, so that when the

oxidizer or fuel burns out, less fuel will have been consumed. If the ratio of oxidizer to

fuel burned is greater than the required mass ratio, then more fuel should be apportioned to

the oxidizer, so that when the oxidizer or fuel burns out, more fuel will have been

consumed. This process is continued until convergence is achieved.

After the proper apportioning of fuel to the oxidizer described above is achieved, the

overall oxidizer/fuel binder pair burning rate is calculated from the following expression.

D
r = (39)
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°a.

r....0



42

In Eq. (39), r is the total burning rate, tT is k, sum total burning time over all the burning

increments, and Dox is the diameter of the oxidizer particle for the oxidizer/fuel binder pair

under consideration.

This equation for the burning rate begs the question of what happens to the fuel or

oxidizer left over. It is assumed that the left over fuel, if there is any, is used in the burning

process of the other oxidizer particles within the propellant formulation. If there is any

oxidizer left over, it is assumed that the remaining crystal simply lifts off the surface once

its surrounding fuel is consumed and does not contribute anything more to the burning of

the propellant. In both instances, overall propellant stoichiometry is perserved.

,'
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CHAPTER 4 - COMBUSTION MODEL VALIDATION AND RESULTS

"W

In this chapter, results of steady state burning calculations for a series of

polydisperse propellants using the COR model are compared with experimental data. Also,

parametric studies have been performed on a series of monodisperse "computer"

propellants; more specifically, propellants wherein the oxidizer particle size is arbitrarily

assigned while total propellant properties are held fixed. These parametric studies are

performed in order to analyze how oxidizer particle size affects the propellant's burning

behavior when all other environmental factors are held constant. This study is deemed

worthwhile since the COR model calculates the burning rate of a polydisperse, multimodal

propellant based upon the burning responses of its individual, monodisperse pseudo-

propellants. Finally, sample graphical output depicting the flame structure at discrete points

in the regression of the propellant surface is presented. Such graphical depicting of the

flames' structure is helpful if gaining a physical understanding of what processes are

governing the burning rate at different points in the surface regression is desired.

4.1. Miller's Nonaluminized Propellant Series.

Before the burning rate calculations can be performed for a particular propellant, its

formulation must be characterized for input into the COR model. More specifically, the

particle size and size distribution for each oxidizer mode must be specified by means of the

the two parameter, log-normal distribution function represented by Eq. (23). The two

parameters in this distribution function are the fifty percent weight mean diameter, Dox, and

the mode width parameter, ox. These parameters are determined for a particular oxidizer

grind via a nonlinear regression analysis on actual grind distribution data. Such analysis

provides the "best fit" values for Dox and cox for each oxidizer grind considered. In

addition to the oxidizer grind distribution data, the mass fraction of each oxidizer m(de

must be specified along with data concerning the other propellant additives, whether they

-. N
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be aluminum particles, catalysts, burning rate modifiers, etc. Finally, the type and amount

of fuel binder must be specified.

In this section, data for a series of nonaluminized propellants which were provided

by Hercules, Inc., as reported by Miller 10 , are presented. The data presented are for a

series of constant, 87.37 percent solids loaded, AP-based composite propellants. These

propellants were formulated from up to four out of a possible eight AP grinds available.

Table 1 gives the formulations for each of the propellants in the Miller series. For each

propellant in Table 1, the fraction of the propellant made up of each of the eight possible

oxidizer grinds is shown. The grinds are listed by a representative "as received" nominal

diameter at the top of each column. Also shown on this table are the corresponding fifty

percent weight mean diameter and mode width parameter for each of the eight possible

oxidizer grinds. These propellants are primarily trimodal, in which case there are three

separate values for Dox and 0ox along with a corresponding mass fraction required as input

to the COR model. Table 1 also presents the experimentally determined burning rate and

pressure exponent data given by Miller. These data have been obtained at a combustion

pressure of 6.89 MPa and an initial solid propellant temperature of 294 K.

4.2. Propellant Constants Determination.

Within the equations comprising the COR model described previously, the adiabatic

flame temperature for the diffusion flames and the AP monopropellant flame need to be

specified along with the respective molecular weights of the combustion products of these

flames. These flame parameters are important in determining heat transfer characteristics of

the various flame zones and also in determining the velocity of the gases leaving the

propellant surface. From a thermodynamic point of view, these two flame parameters are

functions of both the combustion gas pressure and the initial reactant temperature, and more

importantly, the propellant formulation. The percent of oxidizer plays an important role in

-VVV
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Table 1. Propellant Formulations: Nonalumninized Miller Propellant Series

Propellant 400 g 200 g~ 90p g 50. 20 p.
Designation Dox 448. g. 195.g~ 71.0 p. 44.2 p. 22.6 p.

SD-1II-88- cro 1.222 1.628 1.370 1.445 1.676

01 - - .4526I
02 - .3158- .1386
03 - - - .5579
04 - .3158 --. 2421

05 .4211 - --. 1368

06 --- -- --------- --- -- --- --- --- ----. 3158 .1368--------------I
07 - .3158 - .1368
08 -- - .3158 .2421

09 - .3158 --. 2421
10 .4211 - --. 1368

12I - - - .4526 5

12- .5579
13 - --. 5579
i 4 - .3158 --. 2421
15 .4211 - --. 1368

- --- --- -- - --- ---- --- --- --- ---- --- --- --- - --- --- --- --- - --- --- --- -- - -- -- --- --- --- ---

16 - .3158 - .3158 .2421
17 -- .3158 - .5579
18 -- .4211 -. 4526

19 - .3158 --. 5579
20 .4211 - --. 4526

21 .3158 .3158 - .1053 .1368 5

22 .3158 - - .4211 .1368
23 - .4211 - .3158 .1368
24 - .3158 - .4211 .1368
25 .4211 - - .3158 .1368.5

---- --- -- - --- --- - --- --- --- - --- --- --- --- --- - - -- --- --- ---- --- --- --- ---- --- --- --- --.
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Table 1. (continued)

Propellant 6 g. 2 g. .7 g. r6.89  n6 .89

Designation Dox 5.23 g. 1. 89 p. .686 g.

SD-III-88- ao 1.878 1.305 2.716 (minvs)

01 .3158 - .1053 -

02 -- .4211 29.77 .916
03 -- .3158 36.30 .689
04 -- .3158 28.47 .797 ~

05-- .3158 22.53 .928 1

06 .3158 .1053 -29.03 .612
07 - .4211 - -08 - q

08-.3158 -27.86 .692
09 - .3158 - 27.43 .771

10-.3158 -22.78 .841

11 .4211 - -

12 .3158 -- 22.26 .617
13 .3158 - -

14 .3158 -- 24.77 .613
15 .3158 -- 18.24 .690

16 -- - 14.17 .451
17 -- - 21.18 .474
18 -- - 18.03 .437
19 -- - 19.74 .529

20 -- - 14.17 .610

21 -- - 8.28 .430A
22 -- - 13.16 .458
23 -- - 11.71 .463
24 -- - 13.64 .449
25 -- - 11.20 .528

--- -- -- -- -- -- -- -- --- -- -- -- -- -- -- -- -- --- -- -- -- -- -- -- -- --- -- -- -- -- -- -- -- -0

P
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determining these parameters, as do the amount and types of additives incorporated into the

propellant formulation, when additives are present.

In the COR model, as discussed in Chapter 3, the oxidizer surface is allowed to

regress at a different rate from that of the fuel surface, so, in general, at any arbitrary

burning increment, the percent of oxidizer burning with the fuel will not be the same as the

percent of oxidizer in the overall propellant. The adiabatic flame temperature for the

primary and final diffusion flames will therefore change with each incremental burning

calculation made. Once the instantaneous oxidizer to fuel ratio is determined in the COR

model, the NASA Themochemistry Program11 is used to determine the primary and final

flame temperature. The temperature of the AP flame only needs to be calculated once,

however, since in this flame the AP is only burning with itself. In all cases, the AP

monopropellant flame temperature is approximately 1406 K at 6.89 MPa.

For all cases considered, the molecular weight of the AP flame is 27.9 kg/kmole,

and the primary and final flames' molecular weight is determined to be 25.7 kg/kmole. The

molecular weight of the primary and final flames was calculated assuming that the oxidizer

mass ratio is the same as that of the overall propellant. While this assumption contradicts

the assumption just made regarding the flame temperature of the primary and final flames,

the correction of the molecular weight to reflect the instantaneous oxidizer/fuel mass ratio

would be slight, and the approximation of a constant value is considered to be acceptable. I
In all cases, the values calculated for the molecular weights and adiabatic flame

temperatures were made assuming a combustion pressure of 6.89 MPa and an initial solid

propellant temperature of 294 K.

As in the case with other steady-state burning rate models, the COR model requires

the use of several input constants such as the activation energies and the pre-exponential

frequency factors for the many chemical reactions considered, the heats of fuel pyrolysis

and oxidizer decomposition, and the specific heats and thermal conductivities for both the

gas and solid phases. Some of these constants are known only to a small degree ot

'' . . ..-..-. . -. .-.. ..-.- % . -.- . . - ... . :- . .. ''..-'' :'..''',,-%.''.,. '-''..-.'- ,,. . .".0
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precision. Many of these parameters can be obtained from various references throughout

the literature. For example, Reference 12 lists the experimentally obtained values of the

heat of decomposition, the density, pyrolysis constants, and the stoichiometric variables for

HTPB, the fuel binder used in the Miller propellants being considered here. Ammonium

perchlorate (AP) constants can be obtained from available literature dealing with AP

monopropellant decomposition studies 13 . However, other parameters can only be

estimated, and for this task, experimental burning rate and pressure exponent data for the

propellant formulations investigated can be used. For the Miller formulations considered

here, the experimentally determined burning rates and pressure exponents for the

formulations at 6.89 MPa and an initial solid propellant temperature of 294 K are shown

in Table 1. Using the COR model, the theoretical burning rate and pressure exponent for

each Miller formulation have been calculated and compared with the experimental values.

In this manner, some of the lesser-known numerical input constants can be varied, each

within prescribed limits, until the best fit to the experimental data, both for burning rate and

pressure exponent, is obtained.

The results of this theoretical versus experimental burning rate and pressure

exponent comparison is presented in Tables 2 and 3. Table 2 presents the comparison

between experiment and theory for the burning rate at 6.89 MPa, and Table 3 presents the

comparison between experiment and theory for the pressure exponent at 6.89 MPa. In

each of these tables, the percent error between theoretical and experimental values is listed

The average error for the burning rate comparison is approximately 12 percent, whereas the

average percent error for the pressure exponent comparison is about 20 percent. The

greatest disparity is found to occur for formulations which contain high percentages ot

intermediate-sized oxidizer grinds (5.23 .m - 22.6 gm).

Renie 6 performed an identical experimental versus theoretical comparison on the

burning rate and pressure exponent data of Miller's formulations described herein using the

PEM, which is the model modified in developing the COR model. The repxrted results (t

doS

JC -A b .



52

Table 2. Experimental Versus Theoretical Burning Rate Comparison

Propellant
Number Rate-theo. Rate-expr. Error
SD-III-88- (mm/sec) (mm/sec) (Percent)

01 25.73
02 30.20 29.77 1.45
03 28.80 36.30 -20.65
04 25.61 28.47 -10.03
05 23.03 22.53 2.23

...................................................------------------------------------------...-
06 24.32 29.03 -16.24
07 28.74
08 26.66 27.86 -4.31
09 24.52 27.43 -10.62
10 21.93 22.78 -3.71

11 23.65 , -

12 20.25 26.26 -22.88
13 22.58 "-

14 19.39 24.77 -21.71
15 16.81 18.24 -7.84

16 15.13 14.17 6.78
17 17.62 21.18 -16.82
is 17.03 18.03 -5.52
1) 16.18 19.74 -18.05
20 13.59 14.05 -4.07

...................................................................................................-

21 11.50 8.26 38.89
22 13.64 13.16 3.67
23 14.07 11.71 20.13
24 14.78 13.64 8.37
25 12.55 11.20 12.04

---- --- -- --- --- --- ---- --- --- --- --- --- ---- --- --- --- --- --- ---- --- --- --- --- ---
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Table 3. Experimental Versus Theoretical Pressure Exponent Comparison
-- - - - -- -- - - - - - - - - - - - - - - -- - -- - - - - - - - -- - - -- - - - - - -- - - - - - - -- - - - -- -- - -- - - -- - - - - -.

Propellant
Number n-theo. n-expr. Error
SD-Ill-88- (Percent)

01 .590
02 .710 .916 -22.47
03 .706 .689 2.48
04 .684 .797 -14.22
05 .675 .928 -27.30

06 .516 .612 -15.69
07 .512
08 .538 .692 -22.25
09 .508 .771 -34.05
10 .478 .841 -43.11

-- ----- -- ---- -- ---- ---- --- --- --- --- -- - --- - --- --- -- - -- - -- - -- -- -- - -- - --- --- ---

11 .531 -
12 .511 .617 -17.24
13 .552
14 .497 .613 -18.86
15 .456 .690 -33.86

16 .558 .451 23.69
17 .603 .474 27.16
18 .592 .437 35.49 -

19 .581 .529 9.74
20 .546 .610 -10.55

21 .476 .430 10.70
22 .539 .458 17.64
23 .533 .463 15.12
24 .550 .449 22.40
25 .515 .528 2.39

AA
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the PEM comparison was somewhat closer to Miller's experimental values both for the 

burning rate and pressure exponent; however, as will be shown below, the oxidizer particle 

size dependency of the burning rate phenomenon is much more complex when the 

continuous oxidizer regression behavior Incorporated in the COR model is taken into 

account. Therefore, finding a good fit of input constants to experim(:,ntal data becomes a 

more complicated task. 

4.3. Parametric Studies. 

Having established the numerical value of the many constants necessary as input to 

the COR model, theoretical calculations can now be performed. In this section, the steady 

state burning response of a series of monodisperse "computer" propellants, or pseudo

propellants, is presented. That is, the propellant formulations under consideration are 

identical with the only parameter varying being the size of the oxidizer particle. In this 

manner, the effects that oxidizer particle size have on the calculated steady state burning 

response can be determined. 

For this study, the "computer" propellants under consideration are taken to be 

unimodal and comprised of 87.37 percent by weight ammonium perchlorate (AP) oxidizer 

and 12.63 percent HTPB fuel binder. For each calculation, the initial solid propellant 

temperature is assumed to be equal to 294 K. Calculations are made for burning rate and 

pressure exponent at a single combustion pressure of 6.89 MPa. Figures 11 and 12 

present the steady state burning rate, r, and pressure exponent, n, respectively, for each 

"computer" propellant, or pseudo-propellant. The oxidizer particle size has been varied 

from fine (1 Jlm) to very coarse (1000 Jlm). The burning rate results of Fig. 11 follow 

the characteristic S-shaped profiles which have been experimentally observed. That is, 

small oxidizer propellants burn extremely fast, while coarser oxidizer propellants burn at an 

increasingly slower rate. Examining the pressure exponent results of Fig. 12, it is evident 

that the smaller oxidizer propellants burn with an increased pressure exponent, while 
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while decreasing the oxidizer particle size within the propellant formulation tends to

decrease the calculated value of pressure exponent.

The characteristics observed in these two figures can be explained on the basis of

specific flame dependencies. Within the COR model, the heat transfer to the propellant

surface and thus the propellant burning rate and value of the surface temperature is

calculated from a summation of the heat transfer from each of the three flames surrounding

the oxidizer particle at the propellant surface. For different sized oxidizer particles,

different flames dominate the heat transfer to the surface. Smaller oxidizer particle pseudo-

propellants are controlled by the primary kinetic flame which tends to yield high burning

rates. Also, the pressure exponent values are high due to the high reaction order assigned

to this flame. As the oxidizer particle size increases, all three flames contribute to the

overall burning rate of the propellant, thus resulting in a significant lowering in both the

burning rate and the pressure exponent. Finally, as the oxidizer particle size is further

increased, the AP monopropellant flame gains dominance causing the pressure exponent to

continue to decrease and the burning rate to further decrease with corresponding decreases

in both the propellant surface temperature, Ts , and the heat flux back to the surface. A

similar discussion of the oxidizer particle size dependency on the value of burning rate and

pressure exponent as calculated with the original PEM is contained in Renie 6 . However, in

the PEM results6 . the pressure exponent began to increase for the large oxidizer as the AP

flame came into dominance. Also, the burning rate variation with oxidizer diameter was

found to have a much smoother transition from high burning rate to low burning rate.

The above remarks regarding the flame formation dependency on oxidizer parlic ic

size are in general correct, However, in the COR model, where the oxidizer surface and

tuel surfaces are continuously regressing, and. in general, regressing at different rates. thc

''XIditer/fuel mass ratio can vary greatly dunng the hurning (f a single particle Ilelnie

while ~ given particle ie pseudo propellant is dominated h' the formation of kerbii H

tlajrnes. .1% the surface regresses. the flamer tormatioin procr'ss i an o Ihrmj'Jh . '

p
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evolutionary process, where at different time intervals, different flames will form above the

surface. Also, the interplay between surface geometry and flame formation, as discussed

in Chapter 3, leads to a more "on-off' nature of which flames exist at any given burning

interval. These points are discussed further in the next section. Such behavior has caused

the obvious discrepancies between the pressure exponent and the burning rate results

presented herein and those discussed in Renie 6.

4.4. Typical Time-Dependent Oxidizer Regression.

As described in Chapter 3, in the analysis of the burning process of a single

oxidizer/fuel binder pair, the COR model assumes continuously regressing fuel and

oxidizer surfaces. In this light, at discreet time increments during the surface regression, '5

the model will calculate an instantaneous surface temperature and corresponding surface

burning rate. Based on these discreet values of surface burning rate, the time it takes for

the propellant to regress from one planar surface to the next can be determined, and the total

time it takes for either the oxidizer or the fuel to be completely consumed is used to

calculate a burning rate for the propellant.

The COR model has been adapted to run on a Macintosh Plus computer, and using

the graphics capabilities of the Macintosh, it is possible to draw a "picture" of the burning

propellant surface and the flames forming above an individual oxidizer particle at discrete

time intervals during the burning process. This graphical technique aids in getting a feel for

what nhysical processes are underway at any particular point in the surface regre,,ion

scenario.

A representative sample series of graphical output which can be ohtained 1"

provided in Fig. I I The pseudo-propellant oxiditer diameter chosen tor displaN , . .5

microns. with an initial propellant temperature ot 294 K and a tonbustion pre turc ,,t

h X99 MPa In each screen the incremental slice number i, pro, ided (' ombustion tla

included for display are the instantaneous ,urtac temperature. "Xiditer rmas trau ikn .Tn in

dP' W J'
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burning time increment, along with the depiction of the flame structure corresponding to

each state represented. The scaling factor used for drawing the flame structure on the
d

"screen" is also provided. This oxidizer diameter has been chosen to show the competing

nature of the three flames as the oxidizer is consumed.

As the oxidizer first begins to be exposed to the surface, the oxidizer to fuel mas,

ratio is very low, and the flames formed will be an AP flame just above the concave oxidizer

surface and a final diffusion flame above the planar suface. As the oxidizer surface

continues to regress faster than the fuel surface, the oxidizer to fuel mass ratio increae,.

and hence, the flame and surface temperatures increase as well. Eventually, a pnmary flame

is allowed to form. However, at the same time, the center of the oxidizer surface continues

to lie deeper and deeper below the fuel surface, until the AP flame can only form below the

planar surface, eliminating the possibility for the formation of the primary diffusion flame

Also, it can be seen that as the oxidizer surface becomes more and more nonplanar, the rna',N

flux from this surface increases, eventually leading to the formation of an over-ventltied

diffusion flame. This increase in the oxidizer mass flux also eventually makes the oxi tt

to fuel mass ratio exceed the stoichiometrc value, leading to a lower value for ihen,t

diffusion flame temperature and consequently als) a lower surface temperature

IJ
"I
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FLAME SCALE 1.000
INCREMENT NUMBER I
SURFACE TEMP:1147 0 K
ALPHA: 3519
DT:11.58000 SEC(10**-6)

FLAME SCALE 1 000
INCREMENT NUMBER 2
SURFACE TEMP 1177 0 K
ALPHA 6427

DT 5 35200 SEC(10**-6)

FLAME SCALE 1 000
INCREMENT NUMBER 3
SURFACE TEMP 1252 0 K
ALPHA 77'53

DT 4 12600 SEC( 10-6 *
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FLAME SCALE: 1 .000
INCREMENT NUMBER: 4
SURFACE TEMP: 1264.0 K
ALPHR: .8467

D:3.43300 SEC<10**-6)

Ito

FLAME SCALE: 1 .000
INCREMENT NUMBER: 5
SURFACE TEMP. 1206.0 K
ALPHA:.8857
DT: 3,79100 SEC(l0**-6)

FLAME SCALE 1 000
INrCREMENT NUMBER 6
SURFACE TEMP 1269 0 K
ALPHA 9120
OT 3 74 100 SEC(1000-621

1 21
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FLAME SCALE: 1 .000
INCREMENT NUMBER: 7
SURFACE TEMP: 1045.0 K
ALPHA: .9282
DT: 4.98800 SEC(1 0**-6)1

FLAME SCALE: 1 .000
INCREMENT NUMBER: 8
SURFACE TEMP:IOIB8.0 K
ALPHA: .9293
DT:11.23000 SEC(10**-6)

FLAME SCALE. 1 000
INCREMENT NUMBER: 9
SURFACE TEMP:1010.0 K
ALPHA: .9332
DT: .90290 SEC(10**-6)

[Igurc I1I (Conuinued)
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CHAPTER 5 - CONCLUSIONS

In the previous chapters, earlier composite solid propellant combustion models have

been discussed, and the significant differences between these models and the proposed i
Continuous Oxidizer Regression (COR) model have been discussed as well. An experi-

mental validation of the COR model has also been performed. Results from the

experimental validation of the COR model show that the model does, in general, correctly

predict trends regarding both the burning rate and pressure exponent of actual solid

propellants. It has been shown that the predictions of the COR model, however, do not

agree with experimental results as closely as do the predictions of the earlier multiple flame-

based PEM model, which has been modified in the development of the COR model.

The souces for the differences between the COR and PEM predictions have been

discussed. Notably, due to the continously regressing nature of the propellant surface in

the COR model, different flames dominate the burning of the oxidizer/fuel pair pseudo-

propellant at different points in the surface regression. This fact makes it more difficult to

obtain a good fit of theoretical predictions to experimental predictions than in the case of the

PEM model, where only one set of flames dominates the burning rate of a particular

oxidizer particle size, due to the time-averaged nature of this model. Also, the geometric

assumptions of the COR model lead to greater restrictions regarding the formation of the

primary diffusion flame, further complicating the process of fitting theoretical predictions to

experimental results.

The Macintosh-based graphical output of the COR model provided has shown this

model's utility in gaining a better understanding of the physical processes governing the

formation of different flames during different points in the regression of the fuel surface.

While the predictive capabilities of the COR model are presently not as accurate a" other

models, the utility of this model in gaining a better overall understanding of the ph% Nic,,l

proce ses governing solid propellant comhustion has been demonstrated
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APPENDIX A. GEOMETRIC CONSIDERATIONS

The following section covers geometric considerations which were included in

developing the COR model. This appendix provides the necessary detail omitted during the

discussion of the COR model in Chapter 3 above.

A.I. Fuel Diameter Calculation.

The oxidizer particle is assumed to be a sphere surrounded by the fuel hinder .\n

aveiage oxidizer diameter for each mode compnsing a composite solid propellant. D),,. i, ,

parameter inputed into the COR ndel. Based upon these separate aalues of D(,. the ')R

model then calculates diameters for each oxidizer/fuel hinder pair or "psetido-propellant 'i'

referred to by the original PEM6 . The following discussion Invokes calculations hv esd

upon a particular pseudo-propellant of diameter D,.

The first calculation needed is the calculation of the olume l fuel. \ S,

surrounds the oxidizer particle. An oxidizer mass traction tor each pseuLdo-propellitw. (i

I s calculated by the COR rmodiel. This value of a is then modified as descried in (,hpte

to insure that after the fuel or oxidizer has been burned out, the burned reactants v, 11 ha,1 c

the required oxidizer/fuel mass ratio. The volume of the fuel can then he found from the

formula

where p,), and pt are the densities of the oxidizer and the fuel. respectively, and V,, is the

oxidizer volume, found from the formula

'V
o~6 1
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Next, the geometry of the fuel surrounding the oxidizer needs to be evaluated. The

oxidizer is always assumed to be ,, perfect sphere. There are two possible fuel geometries

to be considered. In the first possible fuel geometry, the fuel consists of a sphere

surrounding the oxidizer which is cut off at the top and bottom as show in Fig. A.l.

(Note, in this and subsequent figures, the depiction of the fuel volume will be exagerated

for the sake of clarity. In actuality, typical oxidizer/fuel mixtures would dictate smaller

volumes of fuel.)

Propellant
Surface

Fuel

Oxidizer

Figure A. 1. Hypothetical Fuel-Oxidizer Geometry

To calculate of the diameter of a sphere of fuel clipped off at the points indicated in

Fig. A. 1 involves using the equation for the volume of a spherical cap,

V =-h2(3r- h) (A 3)cp

where r is the radius of the sphere, and h is the height of the spherical cap, as shoxn

Fig. A.2.

0.
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r

Figure A.2. Spherical Cap Nomenclature

With the equation for the spherical cap, and no , refemng to Fig A 3, the kJfi'mccr

of the fuel sphere surrounding the oxidizer sphere can be found.

Spherical
Cap

Spherical
Cap

Figure A-3. Single Oxidizer/Fuci Geometry

TIhe fuel volume 'Vf has already been given by Eq. (A. I1). Vf is, also equal to the tolloAing

V(=V(r f)-V ox-2V CW A.4

The tei.'n V~rj ) refers to the volume of a sphere of a given radius rf. Substituting into

f:q (A.\4) for the values of Vtrt.) and Vox, and also substituting the value Of Vca p given by

(iq.IA 3), Vt can be shown to be

• ', r._',,*'L .,'.r .,,:. ,. ,. ,_,,.. .. .: .. .. . ,. .. , ... ... ....... ....... .. .. ,. . . . . . ... . . . .p

i " f " I r -,,, " - , - , .€ " ,/" "t " ' : d " "€ " ",t f ¢ 't ".' ' ' :' " " " ] 'L , " ,€ " " " % ( " "t . - ; ' ". . ' .e - " - " ,, " .7 " : - " : ", 7 ' .f . " 7 -'," : , .L ' : "1



3 -~ 
3 °ox 2 2 

V =- 1t ---1t e (3r - e) 
f 4 8 3 f 

where e is the fuel binder annulus dimension and is given by 

D 
ox 

e=r --
f 2 
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(A.5) 

(A.6) 

Subsituting Eq. (A.6) into Eq. (A.5) yields the following expression for the volume of the 

fuel V f 

3 2 D 2 D 
3 1t 3 ( ox) ( ox) V =- 1t r - - D - - 1t r -- 3r - r +-

f 4 f 6 ox 3 f ? f f ':' 
(A.7) 

Thwugh an expansion of terms, Eq. (A.7) can be simplified to 

D3 
2 ox 

V =1t D r -1t-
f ox f 4 

(A.8) 

Rearranging Eq. (A.8), the following expression results 

D3 
2 1 ( OX) r =- V +-
f 1tD f 4 

(A.9) 

ox 

The quantity V f can be obtained from Eq. (A.l); therefore, the diameter of the fuel sphere 

surrounding an oxidizer particle of a given diameter D0 x is 

3 
l 1tD 1/2 

Dr= 2[ - ( vr + 4 ox)] 
1tD 

ox 

(A.lO) 



A.2. Height from Surface Calculation. 

In treating the stepwise burning of a single oxidizer particle with surrounding fuel 

binder, it is necessary to partition the fuel or oxidizer ipto equal volumes. In order to 

perform calculations needed to determine the burning rate after each volume of fuel is 

consumed, it is necessary to know the height, hr. of the planar fuel surface from the initial 

unburned surface, after each equal fuel volume is consumed. 

Two different cases need to be considered for determining hr. When working 

under the assumption that the fuel surrounds the oxidizer as a sphere cut off at the top and 

bottom, as shown in Fig. A.l, hr can be calculated based upon the volume of fuel 

consumed. However, the fuel can also be assigned to the oxidizer such that at any arbitrary 

oxidizer surface, the propellant's overall fuel/oxidizer mass ratio is maintained. For this 

<.:Pcond case, it is easier to measure the height from the surface based upon the amount of 

oxidizer consumed. These two separate scenarios are discussed below. 

A.2.1. Height Based on Fuel Regression. 

For the case where the fuel is assumed to surround the oxidizer as a sphere cut off 

at the top and bottom, the total fuel volume is divided up into equal sub-volumes. As the 

COR model is formulated, a volume of the fuel is permitted to burn '!_way, and the surface 

burning rate is then determined. Then another equal volume of fuel is burned, with the 

surface burning rate being determined once again. The height of the planar surface from 

the initial unburned surface must be determined each time, as shown in Fig. A.4. 

In this representative figure, dV is an arbitrary volume of fuel which has been 

consumed. The parameter hr is the incremental height from the surface at the time that dV 

amount of fuel has been consumed. The term dV is the volume of a spherical cap (hr + e) 

high minus the volume of a spherical cap e high and the volume of the oxidizer spherical 

cap hr high, or in equation form 



(I V I= h l C2rhr h -eI I e2( r e)] [ h2(r h,1 A d

r r f

Figure A.4. Burning Oxidizer Particle

Factoring out the common term of ic/3, Eq. (A. 11) becomes

d A 222dV 3[(h' + 2eh,+e O(r -h -e)J-e [3r- e]- hf3r XhfJ (A. 12)

which, upon expansion of terms, results in

2 _3 _2 2 2 211
3 rfhfdhf .eh +6ehr- 2ehf -2e h f+3e r

dVh~t~(e3 =fh ]1 (A 13S3_ 3 2 3

-ehf e3 - 3r+ e - 3roxhf + hf

Upon simplification Eq. (A. 13) reduces to

dV = [(3r- Ae - 3 r )h + 6 erf.h t - h\ 14%

If

4'. 4. '~ o



Substituting for the value of e r - r,, into Eq (A. 14), dV is found to he

dV =3 (O)h r + 6(rf - )r r -
3(r -r )2h (A. 15)

which, upon further expansion of terms, becomes

dV =.[ 6r 2h -6rrthf- 3h r - 2r'x + r2] (A.16)

which simplifies to the following

dV =33r2hf- 3rhf (A.17)

Rearranging Eq. (17), an expression for hf in terms of dV and the known quantities ro

and rf is obtained

dV
hf- 2(A.18)

2 2rf -rox

If the fuel is divided into equal volumes, the the total volume dV of fuel burned at

the end of any burning increment will simply be an integer multiple of what was burned in

the first burning interval. Hence, after the kth burning interval the kth height from the

surface calculated will simply be k times the height from the surface calculated after the first

burning increment

V,

'I
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A.2.2. Height Based on Oxidizer Regression

In the stepwise burning ot an oxiditer panliCle, the ('()R rmxiel ha,, the )p i .

calculating the burning rate for a given oxidizer particle size by assuming that at ,m' hcight

from the surface, the mass fraction of the fuel will be equal to the mass frati11 0f the ftCl

for the overall propellant. Since the fuel no longer assume% a sphencal shape tar this ,.

the height from the surface at which a given volume of fuel is burned is no hangcr

obtainable as described in Sec. A.2.1 above. However. in this case, the volume ,t fel Ic
consumed is directly proportional to the volume of oxidizer consumed. Hence, if heigh,,

from the surface are calculated based on equal volumes of oxidizer consumed, those

heights will correspond to equal volumes of fuel consumed as well. The required

nomenclature for the case where the height from the surface is based on the amount of

oxidizer consumed is shown in Fig. A.5.

Original
Surface

4.a-1

dV h f

Figure A.5. Height Based Upon Oxidizer Consumed

The quantity dV is now an arbitrary volume of oxidizer which has been consumed.

The quantity hf is the height from the surface at the time that dV amount of oxidizer has

been consumed. The quantity a is the radius of the oxidizer surface at the height hf below

the surface. The value of hf needs to be solved for given the values of Dox and dV.

P.

77..
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Combining Eqs. (A. 19) and (A.20), dV is found to be

.S'

.55

D D3 D D 2

dV d . a2+ -fxD Ox (D (A.22)
3 2L a0X 2 4

After expanding and cancelling terms, Eq. (A.2 1) becomes

dV--D-=-x-(a2+x(O ox2)51

dV ox - 2)5 (A.22)

which upon rearranging becomes

D3 D 2 2

dVoX~ D Dx-t( +O xa2.1(.3

Further rearranging of terms results in

S.

l l I • + - i i - i i , - - +- - . .. + .. . ...



\ rIC\ pa~ianiuter i%~ nov. defined in term% (i the knov4n quantie I) .iru d\ aN hcrw

equalI to the eiression on the right hand side o F Iq i A 24) Squaring hoth ofde\ ,!

.q (A 24) then reults in

D, [ 2 I) ,

V_ (a- k 2) ( a (A 25;
4 4

which, after expanding and rearranging terms, becomes

6
2 OX 6 3 2 4

V - 1" =-a -- D. a (A.26)

A second new parameter, V", is defined in terms of the known parmameters Do, and V as

being equal to the expression on the left-hand side of Eq. (A.26). Then, if Eq. (A.26) is

rearranged, a cubic equation for a2 results

233 D2 2)2 V

(a) + 7D x(a) + V 0 (A.27)

The standard solution of a cubic equation solves for the variable z in the equation

3 2
Z +C +c2z+c =0 (A.28)

I



anda

F'or cubic equations such aIs Eq. (A.27), there are three possible olution%

cI

Zl 2(-Q)5cos(v0 ) -. LL (A 3 1

3 3

.,=

Cl , \ :,

2 2( Q )'Scos( k + ! I) 
(A .3' 2,1

4 c.

z3  2(-Q)'Scos(g +- (A.31

337"

where 0 is found from

0 =arcos (A.34)

The particular values for Q and R in the solution to Eq. (A.27) are

D4

Q=_ O._X (A.35)
16
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Th,." po,,ctOc OXtItr to lq (.A.27) turn,, l \ ( I into
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A.3. S oufacefue Diameter C alculati on (ieremisher) t

hauaiooivovn the oxidizer/daee a eudfuel cstoichioerry andfeli difuiond flam ightsqua

.5.

The nomenclature used in this section will be the same as that shown in Fig. A.5.

The parameter hf is calculated for some arbitrary volume of fuel, using methods already
described. From the geometry of a circle, it can be seen that ft

.%



1) 2 , )

• 0I.
o h .  + a" - \

24

P

Since the oxidizer surface diameter dox is equal to 2a, Fq iA 9)Q cin ht rcarrAngcd t,

obtain

D" D 2

2DOx h o.h

A.3.2. Fuel Diameter (Upper Hemisphere).

The nomenclature for the fuel diameter calculation is shown in Fig. A.6. The case

shown here is where the fuel surrounds the oxidizer as a sphere cut off at the top and

bottom.

In this figure, Dox is the overall oxidizer diameter and Df is the fuel diameter

calculated using Eq. (A. 10). The parameter dox is an arbitrary oxidizer diameter at some

distance from the surface, calculated using Eq. (A.40). The parameter df is the fuel

diameter corresponding to the oxidizer diameter dox. The parameter rox is the radius of the

oxidizer, and rf is the radius of the fuel.

From trigonometry,
d f [r- hf2 5 (A.41)

Also, from trigonometry,

2
r f =[r 2 x - - (A.42)

a"4
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In terms of Dox and DI, Eq. (A.43) becomes

d,.= [D f-D o x-d

For the case where the fuel is apportioned to the oxidizer baised Upup1 the tucl to

oxidizer mass ratio of the overall propellant, as described in Sec. A.2.2, the fuel ddmcter

at an arbitrary height from the surface is calculated in the following manner. Fhc total

density of the propellent, PT is needed, which can be shown to be equal to

P
.,.-



79 

1 
p =-----
T (1-a)/pf +alp 

ox 

(A.45) 

where Pr and Pox are the densities of the fuel and oxidizer, respectively, and a is the 

oxidizer mass fraction. 

It can be shown that the volume fraction of the oxidizer, t:ox, is given by 

apT 
~ =-

ox p 
ox 

(A.46) 

It follows directly then that dr is given by 

(A.47) 

where d0 x can be found as described in Sec. A.2.2. 

A.3.3. Lower Hemisphere Calculations. 

All calculations shown so far have been derived in terms of the upper hemisphere. 

Once upper hemisphere values are determined, lower hemisphere values are easily 

obtained. In th~ COR model, the fuel is considered to be divided into k equal volumes per 

hemisphere. This translates into needing to calculate 2k-1 different values of de, d0 x, and hr 

at 2k-l different heights from the surface. The first k values can be calculated by the 

methods described above. The final k-1 values are obtained by noting 

(A.48) 
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dox(2k-i) = dox(i) (A.49)

hf(2k-i) =D - hf(i) (A.50)

The volume/surface nomenclature used in finding these lower hemisphere values is shown

in Fig. A.7.

Volume 1

Surface I 
V ur

Volume k Surface i

Surface k -/ Volume 2k-i

Surface 2k-i
Surface k-1I

Volume 2k

Figure A.7. Incremental Volume/Surface Nomenclature

A. Oxidizer Surface Geometry Calculations.

In general the fuel and oxidizer burn at different rates; hence, a flat burning surface

is normally not maintained. In reality, the fuel surface will lie lower than the oxidizer

surface, or the oxidizer surface will lie lower than the fuel surface, depending on which

propellant species bums faster. In the COR model, the fu! surface is restricted to alwavs

regressing in a planar manner, with the oxidizer surface lying above or below the fuel

surface. The oxidizer's burning is restricted in that its surface must remain continuous with

the fuel surface. These two restrictions cause the oxidizer surface to be a spherical shape,

either lying above or below the fuel surface, as shown in Figs. A.8 and A.9. CalculatiOl

. ~...



of the mass flux emanating from the oxidizer surface requires that the nonplanar oxidizer

surface area belknown.

Figure A.8. Oxidizer Protruding Above Fuel Surface

Figure A.9. Oxidizer Recessed Below Fuel Surface

A.4.1. Concave Surfaces.

The first case to be investigated is the case where the oxidizer is burning faster than

the fuel, forming a concave surface as shown in Fig. A.9. There are two possible

scenarios associated with this case. The first possible scenario is where the depth of the

oxidizer surface below the fuel surface is greater than the radius of curvature of the oxidizer

surface. This condition is shown in Fig. A. 10.

I-
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a-*~

Sr- hf

2rc - rcY

Figure A.10. Depth of Oxidizer Surface Greater than Surface Radius of Curvature

In this figure, rc is the radius of curvature of the oxidizer surface and hf is the height

of the planar fuel surface below the original surface. The parmater a is the radius of the

planar oxidizer surface at hf below the original unburned surface. The values for a and hf

can be determined by methods already outlined.

From trigonometry,

resin- r - hf (A.5 1)

and
a

coso = - (A.52)
C

Now there are two equations and two unknowns, rc and 4. To eliminate 4 from the

equations it is noted that the following are equivalent statements.

coso = u (A.53)

sinO V 71 (A.54)

t ,7 , c .: .N +¢ " N 'x". -, '. " '.- 5 % ... .,,-... ,.,-' ,.,a.,:.+, ,..',. ,-- % -..'.--, -.v 02



83

Applying this trigonometric identity to Eqs. (A.5 1) and (A.52) results in

2 5rc(1 2 = --hf (A.55)

r
C

The quantity (2rc-hf) is the depth below the planar surface at which the lowest point
of the oxidizer surface will lie. This quantity can be designated by hox, and is found by

multiplying the time it takes the fuel to burn hf by the burning rate of the oxidizer. When

this quantity is substituted into Eq. (A.55), the following results

2.5
rk -1 _ = h -r (A.56)
C 2 Ox C

r
C

This equation can be solved for rc, resulting in
a h

r -y7+ °---x (A.57)
c2h 2

ox

Or, in terms of dox, Eq. (A.57) becomes

d hM~Ox
rc ax hm-" (A.58)

h 2
Ox

With the value of rc, it is possible to determine what the area of the nonplanar

surface will be from the equation for the area of a spherical cap such as the one shown in

Fig. A.2.

S = 21tr h (A.59)ox C ox

The other possible configuration of a concave oxidizer surface is where the depth of

the oxidizer is less than the radius of curvature of the surface, as shown in Fig. A. 11.

I
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Figure A. 1. Depth of Oxidizer Surface Less than Radius of Curvature

From trgonometry, it is clear that

ri4r- h (A.60)

and

co #= a (A .61 )r
C

and

-s = a c  o (A .61)

which, when simplified, will yield the same value for r as that given in Eq. (A.58). The
surface area is once again given by Eq. (A.59).2(
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A.4.2. Convex Surfaces.

For the case where the oxidizer bums slower than the fuel, there are again two

possible scenarios. The first scenario to be considered is where the oxidizer's height above

the surface is greater than the oxidizer surface's radius of curvature. This condition is

shown in an exagerated form in Fig. A.12. below.

h 
f

r h

Ba

Figure A. 12. Radius of Curvature Less than Height Above Surface

The quantity hox is now the height above the planar fuel surface at which the center

of the oxidizer surface will lie. It is obtained by multiplying the time the fuel takes to bum 4

down to height hf by the burning rate of the oxidzer, and then subtracting this product from

the value of hf. For this case, it can be seen that 4

r sino =h -r (A. 63)
C OX C

and

1 •%

Fig re .12 R ai us of urv tur L e s t an eig t A o ve S ur ac

~S*A s ~ ? .'J.%.d4 /%%~*\J ~4/5' * ~.. ~ ..~.? -b ~
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COs54 --= a (A.64)
r

The results for these equations will be the same as for the concave surface case, with the

equation for rc given by Eq. (A.58) and the equation for the surface area given by

Eq. (A.59).

The final possible scenario is where the radius of curvature of the oxidizer surface "p

is greater than hox, as shown in Fig. A. 13.

aJ
°.,

'
a.

ht hf

'

Figure A. 13. Radius of Curvature Greater than Height Above Surface

For this case,

r sin -=r -h (A.65)SC OX

and
aaOS (A.66)
rC 

'
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Once again, Eq. (A.58) can be used to obtain the radius of curvature and Eq. (A.59) can

be used to obtain the surface area.

A.S. Calculation of Volumes Consumed.

In order to determine flame temperatures at each iteration step, it is necessary to

determine the oxidizer/fuel stoichiometry. In order to determine the stoichiometry, the

volume of oxidizer and fuel consumed from one iteration step to the next must be

determined.

A.5. 1. Calculations Based on Planar Burning Rates. %

This is the most straightforward case, and is shown in Fig. A. 14.

hi, Original w ae

Figure A. 14. Calculation of Consumed Volumes Based on Planar Burning

The planar surface's height from the "previous" time step is hf,0, and the height

from the surface for the current time step is hf, . The volume of oxidizer consumed

between increments 0 and I is the volume of a spherical cap of radius rox and height

(hf, 1 - e) minus the volume of a spherical cap of radius rox and height (hf, 0 - e). The

volume of fuel consumed is the volume of a spherical cap of radius rf and height (hf, I + e)

minus the volume of a spherical cap of radius rf and height (hf, 0 + e) and the volume of a

A
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spherical cap of radius rox and height hf 0 . The equation for the volume of a spherical cap I
has been provided as Eq. (A.3).

A.5.2. Calculations With Nonplanar Oxidizer Surface.

The previous method will work for the fuel volume consumed at all times since the

fuel surface is always planar. However, the oxidizer surface can be nonplanar, and the

calculation of the volume consumed will depend on the geometry of the surface at

increments 0 and 1. Four different cases are possible and considered below.

A.5.2.1. Case 1: Surface 0 Convex; Surface I Concave.

This case is shown in Fig. A. 15.

Surface 0 '

V.

Surface I

Figure A.15. Surface 1 Convex; Surface 0 Concave

Surface 0 is the surface at the previous time step, and Surface 1 is the surface at the

current" time step. V0 is the volume of the oxidizer lying above the fuel surface at the

previous time step, and V, is the volume of the oxidizer lying below the fuel surface at the

current time step. V01 is the volume of oxidizer contained between the two planar surfaces.

V0 and V1 can be determined from the equation for a spherical cap, using the values of rc

and hox for the two respective surfaces; V01 is just the volume of oxidizer that would have

been consumed if the burning rate had been planar, and can be calculated as described in

Sec. A.5. 1. So for this case, the total oxidizer consumed is

,0

.- ~. .* °-
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V =:V +V +V (.7
tot 0 1 01 (A.67)

A.5.2.2. Case2: Surface 0 Concave; Surface I Convex.

This case is shown in Fig. A.16.

Surface 0 1
00

uface 1I'

Figure A. 16. Surface 0 Concave; Surface I Convex

V0 1 is all of the volume contained in the heavy solid outline, and can once again be

found by the method of Section A.5.1. V0 and V1 can once again be found from the

equation of a planar cap using the proper values of rc and hox. The total volume consumed

is now given by

Vtot = V01 V0 V1 (A.68)

A.5.2.3. Case 3: Surface 0 Concave; Surface I Concave.

This case is shown in Fig. A.17.

,5
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Surface 0

0 01

Surface 1

Figure A. 17. Surface 0 Concave; Surface 1 Concave

The volume consumed for this case will be equal to

tot 1 + V01- V0 (A.69)

A.5.2.4. Case 4: Surface 0 Convex; Surface I Convex.

This case is shown in Fig. A.18.

Surface 0

0p

Surface 1

Figure A.18. Surface 0 Convex; Surface I Convex
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The volume consumed in this case is given by

Vtot = V0 +V0 1 - V 1  (A.70)

A.6. Average Surface Diameters and Areas.

It is necessary to determine what the average surface dimameters and areas for the

oxidizer and the fuel are between two iteration steps within the COR model. The average

areas are needed to determine the average mass flux eminating from the surface between

two iterations steps and the diameters of these average areas are used in the Burke-

Schuman flame analysis.

A.6. 1. Average Oxidizer Diameter Calculation.

Parameters used for this calculation are shown in Fig. A. 19.

S urface 1

Surface 2

Figure A. 19. Parameters for Average Oxidizer Surface Area Calculation

S
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From trigonometry, it can be shown that at any arbitrary height hf from the surface,

the surface radius, which is denoted as a, is given by

.5
2 2] .

a= ox o (rx h) (A.7 1) ,

The area of the oxidizer surface at hf, Sox, is

Sox 7rx =nIr o- (rox ) (A.72)

If the dimensionless parameter { is defined as hf/rox and the dimensionless

parameter 8 is defined as Sox/(rox) 2, 8 is given by

r
ox

which zimplifies to

26 = t (2 - {2) (A.74)

The average value for 8 when the oxidizer bums from the arbitrally selected height

hf, I to hf,2 needs to be determined. Assuming that the planar fuel surface regresses steadily

between these two surfaces, 8ave can be given by

'
'p,

~ ~ j. - ,':..a(.a~j. a' .' *%, q.~',- .,..,,.
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ave fS d4 )f(24- 12= 1 (A.75)

which, upon integrating, yields,

~ 3 I
sav2 ~2. . (A.76)

The average oxidzer area Sox(ave) and the average oxidizer diameter dox(ave) are then given

by

S =r (A.77)
ox(ave) ox ave (

and

d ox 8.5 (A.78)
ox(ave) 4 ave

A.6.2. Average Fuel Diameter Calculation.

Parameters for this calculation are shown in Fig. A.20.

'A
4,. ~jV~~ P~4-t V%'Vt.V - .. -'.4F. V>. .. ,. .. >.W.>. ~ . . .
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- 22 : Surface I
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Figure A.20. Parameters for Average Fuel Diameter Calculation

From trigonometry, it can be shown that the radius of the planar fuel surface, b, can

be given by

b 2 r1 - - (A.79)

Defining f3 as b/rf and ' as hf'rf, the dimensionless total planar surface area, y, is given by

y= ICI(1 0 '- 2 ] (A.80)

which, upon expanding terms, becomes

=- n [2 ' + 2P -20- 2 p-2 ] (A.9 1)
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To find the planar surface area of the fuel, the planar surface area of the oxidizer must be

subtracted from the total area given in Eq. (A.81). Defining rox/rf as r, and 5' as Sox/r 2,

dividing Eq. (A.72) by rf results in

l [ 2 (1 4)2] (A.82)

which, upon simplification, becomes

' = r(2T' - ,2) (A.83)

The dimensionless fuel area, a, is y - 8', or

a = 424'+ 213- 2TI4- 213 - p2] (A.84)

Rearranging terms in Eq. (A.84) yields

(Y= 4'(2 - 2I-23) + 213 - 132]. 5

The first set of terms inside the brackets is zero, so the equation reduces to a constant area

for the fuel

o (2P3- 132 (A.86)

Substituting for the value of 13 yields

I.
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2"
2rf-t r X ) (rf rfox )(rf 1 (A.87)

rf

Eq. (A.87) simplifies to

2 2Sf = It (rf -r x) (A.88)

The fuel area is, therefore, a constant value.

To find the fuel diameter corresponding to the average oxidizer diameter,

Eq. (A.44) is employed, yielding

5
[ o d2 ]

d -( +d (A.89)

When it is assumed that the fuel is apportioned to the oxidizer at any planar surface

in the same proportion as the in the overall propellant, the average fuel diameter can be

found from employing Eq. (A.47), yielding

df(ave) = dm(av) (A.90)

Calculation of the average fuel area can then be made from df(ave).

A.6.3. Average Nonplanar Oxidizer Surface Area.

In calculating a corrected oxidizer mass flux based upon the nonplanar surface of

the oxidizer particle, it is necessary to calculate what the average nonplanar area will be

between two arbitrary surface intervals. Nomenclature for the average nonplanar oxidizerI

area calculation is shown in Fig. A.21.
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Planar Surface 1 oj

• , h ox,2

Planar Surface 2

tq - d ox2 %l 11'

Figure A.21. Nomenclature for Average Nonplanar Oxidizer Surface Area Calculatation

The surface area for the nonplanar oxidizer surface will be the same as that for a

conical cap of height hox and radius of curvature rc.

S ox= 2nrrh ox(A.9 1)

From Eq. (A.58) the radius of curvature for a surface of height hox above or below the

planar fuel surface must be

d2  h
ox + -2 (A.92)

c  8hox 2

To find the average nonplanar surface area as the value of hox changes from hox,l to

hox,2, an arithmetic mean, hox,ave of the two heights is taken. Also, the value of doxave,

given by Eq. (A.78) is utilized. Using these average values, Eq. (A.91) becomes

-"' ,

fl Am*~' b ~ P ~ S * .P j.,e ~ - be
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d 2 2
Soxave oave + h2  (A.93)

o0xavel

Substituting for the value of hoxave yields

Sx ave- 4d2 (hox, +h 2] (A.94)

.1

ox~av ave OxI o x,

4p
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APPENDIX B - HEAT TRANSFER ANALYSIS

In determining of the heat feedback to the surface from any of the possible three

flames that can form above the oxidizer particle/fuel binder pair analyzed by this model, the

following equation is used to determine the heat flux to a surface from a flame situated

above that surface.

Qs = Qtexp(- 4 ) (B. 1)

In this expression Qs is the heat transfer to the surface per unit area, Qf is the heat released

per unit area at the flame front, and t is a nondimensional height of the flame given by

xmc

-- P-g (B.2)

g

where x is the height of the flame above the surface, m is the planar burning mass flux

from the propellant surface, and cp,g and X are the specific heat and the thermal

conductivity of the combustion gases, respectively. This exponential type heat feedback

expression can easily be shown to result from an one-dimensional heat transfer analysis of

the propellant surface to flame gas phase region.

Equation (B. 1) is easily applied to the case of the AP monopropellant flame, since

this flame is assumed to be planar being situated at a constant distance above the oxidizer

surface. However, both the primary and final diffusion flames have a parabolic shape, and

heat transfer to the surface from these flames occurs continuously along the changing

height of the flames. For such flames, a modified form of Eq. (B. 1) is utilized.

Qs= Qfexp(-e4*) (B.3)

A
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In the above expression, the parameter E£* is the height from the surface at which a planar

flame sheet would have to be located in order to produce the same heat transfer back to the

surface that a diffusion flame of maximum height 4* would produce. A Burke-Schumann

diffusion flame analysis can yield this parameter 4*. However, an expression for e is

needed in order to determine the actual heat transfer back to the surface.

According to the Burke-Schumann theory of diffusion flames, a diffusion flame can

be one of two different types. The first type of diffusion flame results when the ratio of

fuel flow to oxidizer flow within the co-annular jets is greater than the stoichiometic fuel-to-

oxidizer mass ratio. In this case, there is an excess of fuel relative to the oxidizer present.

In the present analysis of burning oxidizer particles wherein the fuel is issuing from an

surrounding annulus, the developing diffusion flame will close over the oxidizer surface.

This type of diffusion flame is termed under-ventilated. The second type of diffusion flame

results when the ratio of fuel flow to oxidizer flow is less than the stoichiometric fuel-to-

oxidizer ratio. In this case, there is an excess of oxidizer present, and the flame will close

over the outer fuel surface. This type of diffusion flame is termed over-ventilated. In the

following sections, both fully developed and partially developed diffusion flames will be

analyzed in order to represent the overall heat transfer from such flames in terms of the

parameter rc,* used in Eq. (B. 1) above.

B.I. Fully Developed Diffusion Flames.

B. 1.1. Under-ventilated Flames.

For an under-ventilated fully developed diffusion flame, it can be shown that £ is

equal to the following. This functional relationship for E as a function of overall flame

height * has previously been reported by Renie 6.

- ln(k*exp( *)) - ln(exp(4*) - 1)] (B.4)

OF."U

-A ~ ".P .
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B.2.2. Over-ventilated Flames.

The fully developed over-ventilated case, where the flame extends over the fuel

binder surface, is represented by Fig. B.1.

r f

A x

L r

Figure B. 1. Over-Ventilated Diffusion Flame

The parameter { is the maximum height for the diffusion flame above the surface,

which occurs at a radial location rf. The diffusion flame is assumed to be parabolic in

shape. For such a flame, the height above the surface at any radial location r can be given

by

r - rf

(r 2 (B.5)(rx- rd):

The differential heat transfer back to the surface at any location r will be given by

I
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dQs = Qf exp(-4) r dr dO (B.6)

When the value for in terms of r given by Eq. (B.5) is substituted into Eq. (B.6) the

resulting equation is___I

dQs Qfex{-_*(1 .r.r ) rdrdO (B.7)

Defining a new dimensionless parameter r' as r/rf, Eq. (B.7) becomes
'p

dQs=r2 Qex{ *(. r' - 1) 2 1) r' dr' dO (B.8)
f f ((r')o-1)2

Integrating with the limits on 0 from 0 to 2n and on r' from (r')ox to 1, yields the total heat 9

transfer back to the surface in the form

Qs=2r ffex *( ( (r1) 1)2  1) r' dr' (B.9)
Ox,

If a planar sheet producing the same amount of heat flux back to the surface as the

over-ventilated diffusion flame lies at the height e4* above the fuel surface, the heat transfer

from this flame is

QS=nr _ 2 Qf exp(-e4) (B. 10)

The heat fluxes of Eqs. (B.9) and (B.10) are equal, so that,

p.
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1 2ic(rf- rx) Qexp(-et*)=27t r fe r,( (r- (B.11
frO, f f ((r')°x" 1)2 r'd' B.1

The integral in Eq. (B. 11) must be solved analytically. Designating this integral

for the moment as I, Eq. (B. 11) can be simplified to

2rf
exp(-e)2*) 2 (B. 12)2 2

rf -rox

Eq. (B. 12) can also be expressed as

exp(-e_*)= 2 2I (B. 13)
1-((r) OX)

The parameter e can then be found from

E=- In[ 2 1] (B.14)* 1 - ((r')OX) 2

The value for I must still be determined in order to solve for the parameter c. The

procedure used to solve for I was first to select several values of 4* at which to solve for E.

For each selected value of 4*, a Runge-Kutta scheme was used to solved for I over a range

of (r')ox varying from 0.2 to 0.99 (representative of what the range would be as the

propellant surface regresses). When I had been solved for over an entire range of (r')ox at a

given *, a second-order curve fit was made for finding I in terms of (r')ox. When all of

the selected values of 4* were solved for in this manner, the coefficients of the second-

order curve fits corresponding to each 4* were analyzed, and curve fits were produced for

relating the second-order coefficients to 4*. For values of 4* less than 10, a third-order fit

of the coefficients was made. For values of 4* greater than 10, a logarithmic fit of the

coefficents was made.
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In the COR model, when the diffusion flame is over-ventilated, the second-order

coefficients relating I to (r')ox must first be calculated from the curve fits relating these I
coefficients to the maximum diffusion flame height *. Then, when these coefficients are

determined, I is computed from the resulting second-order algebraic equation.

B.2. Partially Developed Diffusion Flames.

B.2.1. Under-ventilated Flames. 2
The case of an under-ventilated primary diffusion flame which is cut off by a planar

AP monopropellant flame is shown in Fig. B.2...'

Partially-Developed
Primary Diffusion
Flame

!I
"0

Figure B.2. Partially-Developed Under-Ventilated Diffusion Flame

For this case, it can be shown that the value for e can still be found by Eq. (B.4). I



B.2.2. Over-ventilated Flames.

The case for an over-ventilated, partially-developed diffusion flame is shown in

Fig. B.3. For this case, rpD is the radius of the primary diffusion flame at the point where

the AP monopropellant flame intersects this flame.

'/I

x

Figure B.3. Partially Developed Over-Ventilated Diffusion Flame

Once again, the diffusion flame is parabolic, and the height of the flame at any

radius r can be given by

(r- rf2

d (B. 15)

(r -r)

Using the dimensionless paramter r' once again, Eq. (B. 15) becomes

(2' 1)((r') - 1) 2

(B. 16)

oxS
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The total heat transfer from the primary diffusion flame back to the surface will then

be given by

(r)FD

Q=27cr [~ * [r'p 2 1)] r' dr' B. 17

1'ox 1

The total heat transfer back to the surface can also be expressed as

2 rr [r 1
QS27t r Jexp1k* 2 1)] r' dr'

1121

To solve Eq. (B. 18), the parameter (r')pD must be first determined. From

Eq. (C.5) given in the next appendix, it can be seen that

(r') FD=l l(r') Ox 1- P PF (B. 19
xPD

This value of (r')FD can then be used in Eq. (B. 18). The integrals in Eq. 18)c~t

now be solved, as they are the just the negative of the integral I which was evaluated for the

case of a fully developed over-ventilated flame. The value for E can then be found from

2 I((r') In 2 I((r')FD)1
In[ ~ 2] 2- B.[1
1 ( r) 1X I j(I') 2 ( 2
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APPENDIX C- O3F CALCULATION

The parameter O3F is the fraction of the available reactants which will react in the

primary diffusion flame, when a primary diffusion flame develops.

C.I. Under-ventilated Primary Flame.

For the case of an under-ventilated primary diffusion flame, it can be shown that PF is

equal to

xAP + XPF (C. 1)

F xPD

where XAP is the standoff distance of the AP flame, XPF is the primary flame kinetic

standoff distance, and xPD is the standoff distance of a fully developed primary diffusion

flame.

C.2. Over-ventilated Primary Flame.

The case where the primary flame is over-ventilated is shown in Fig. C. 1. Since an

excess of oxidizer is available, the limit to how high the diffusion flame will rise is the

amount of fuel available. At the point where the AP flame has cut off the diffusion flame,

the portion of the fuel lying between radius rox and radius (rox + rFD) has been consumed

in the reaction, where rFD is the radial location where the AP flame cuts off the primary

diffusion flame. Since the amount of fuel is the limiting quantity for the reaction, the

fraction of reactants which are consumed in the primary flame is the fraction of the fuel

available which is consumed by the primary flame

l
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2 2
2 2 (C.2)

P=2 2
rf - rIf ox

The value of rFD is needed in order to solve for f3F.

rPI

xx
XPD $

AA...........
APf -r

Figure C. 1. Over-Ventilated Primary Flame

Since the primary flame is parabolic, the equation relating its height, x, to the radial

location r is given by

2 (r rf)2
(r-r = o f (xpD- x) (C.3)

The primary flame's height at radial location rFD, relative to the kinetic standoff distance of

the primary flame, is (xAp - xpF). Substituting this height and rFD into Eq. (C.3) results

in

% 
-r %
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(r FD -rd) 2 XPD (x PD - XAP + x PF) (CA4)

Solving this equation for rFD results in

rF -f(rf- r)[ (C.5)
XPD

The value for rFD calculated using Eq. (C.5) can then be substituted into 4N.
Eq. (C.2), and PF determined.


